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PREFACE 
With the increasing improvement in manufacturing processes, many 
products are very reliahle with extremely long life-spans under normal conditions. 
This causes several difficulties in using standard life test methods. It usually 
requires a long time to complele life tests on reliable products under normal 
conditions. even with the use of censoring schemes. Conscoucntly, the costs of 
such kinds of life tests can he considcraoly high. As a result, it is difficult to 
ohscrve sufficient failure data to make infscnccs regarding the lifetime 
dis ribrtion within a tolerable experiment lime and cost. Accelerated life test 
(ALI) plans arc ollen eyed to remedy this pmhlc_n. 	 - 
ALTs arc usually conducted by subjecting the product (or component) to 
severer conditions than those that the product will be experiencing at normal 
conditions or by using tic product more intensively than in cormal use without 
changing the normal operating conditions, Through ALT, stress levels which 
accelerate product failure are increased and life data for the product under 
accelerated stress conditions are captured. Those failure data under accelerated 
stress conditions are then utilized to derive the failure information under usage 
conditions based on some life-stmss relationship. 
This thesis proposed different designs of ALTs such as Partially Accelerated 
Life Test (PAL), Step Stress Accelerated life Test (SSAI1) and Geometric 
Process (GP) model for ALT. The maximum likelihood approach is considered 
for estimation of parameters. In particular, this thesis focused on the derivation of 
optimal ALT plans and the design of ALT and for this purpose the lifetimes of 
9 nes:nn,cor AcceuE¢nicv Lire rears 
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units are assumed to tbllow different distributions. The optimal ALT plans are 
determined, which minimize the asymptotic variance of an estimated quantile at 
use condition. 
This thesis consists of seven chapters. Chapter 1 is the usual introductory 
chapter. It provides a detailed introduction to ALT designs. An overview of the 
available literature is also given in this chapter. 
Chapter 2 deals with a simple Constant Stress Partially Accelerated Iife lest 
for type-I censored data when the lifetime distribution of the test item is assumed 
to follow Rayleigh distribution. The maximum likelihood estimates are obtained 
for the distribution parameter and acceleration factor. In addition, asymptotic 
variance and covariance matrix oP the estimators are given. A simulation 
procedure is used to illustrate the statistical properties of the parameters and the 
confidence hounds. 
In Chapter 3 the problem of designing an optimum step stress accelerated 
life test for Rayleigh distribution is presented. The scale parameter of the 
distribution is assumed to he a log linear function of stress. The maximum 
likelihood estimates of the parameters under consideration are obtained. Interval 
estimation that generates narrow intervals to the unknown parameters of the 
distribution with high probability is obtained. Optimization criterion is also 
discussed and a numerical study is conducted to investigate the properties of 
derived ALT plans under different parameter values. 
Chapter 4 presents a SSALT model assuming a 3-parameter Exponentiated 
Weibull distribution for the failure time, followed by a numerical example. 
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In Chapter 5 a simple SSALT is applied to the Power Function distribution, 
\\ith a scale parameter \\hick is a log-linear function of the stress and a 
cumulative exposure model is assumed. The MLEs of unknown parameters are 
presented and the optimization criterion is then proposed. The AV of desired 
MLF is then obtained using; the expected Fisher information matrix, and the 
optimal test design is derived. A simulation study is presented to demonstrate the 
performances of the estimates using the mean squared errors and relative absolute 
bias. 
In Chapter 6 a geometric process (GP) model is considered for the analysis 
of constant stress accelerated life testing when the life data are from an Inverted 
\Veibull distribution. By assuming that the lifetimes under increasing stress levels 
form a geometric process, the estimates of the parameters are obtained by using 
the ML method for complete and type-I censored data. In addition, asymptotic 
interval estimates of the parameters of the distribution using Fisher information 
matrix are also evaluated. A Simulation study is used to illustrate the statistical 
properties of the parameters and the confidence intervals. 
Finally, in Chapter 7 some conclusions and future research problems that 
arise as extensions of what We currently achieved in this thesis are discussed. 
A comprehensive list of references is provided at the end of the thesis. 
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CHAPTER 1 
BASIC CONCEPTS AND LITERATURE REVIEW 
1.1 ACCELERATED LIFE TESTING 
In order to achieve customer's satisfaction, it is necessary that products not 
only \%ork at the moment they are sold to a customer. but should also be able to 
meet with customer requirements for a certain period of time. This characteristic 
is known as "product reliability". Due to the rapid improvement in the field of 
high technology. nowadays. the products become more reliable and the products 
life gets longer. It might take a long time, such as several years, for a product to 
fail, which makes it difficult or even impossible to obtain the failure information 
under usage condition for such highly reliable products. For such applications, 
Accelerated Life Tests (ALTs) are used in manufacturing industries to assess or 
demonstrate component and subsystem reliability, to certify components, to detect 
failure modes so that they can be corrected. compare different manufacturers. and 
so forth. In ALT the products are tested at higher-than usual levels of stress (e.g., 
temperature, voltage. humidity, vibration or pressure) to induce early failure. The 
life data collected from such accelerated tests is then analyzed and extrapolated 
through a physically reasonable statistical model, to obtain estimates of life 
characteristics under normal operating conditions. 
Statisticians in manufacturing: industries are often asked to become involved 
in planning or analyzing data from accelerated tests. At first glance, the statistics 
of accelerated testing appears to involve little more than regression analysis, 
DIISIGNS OF \ CI!.LRAT!lD 1,11E 1 E:S 1 S 
	 i 
BASIC CONCEPTS AND LITERATURE REVIEW 
perhaps with a few complicating factors, such as censored data. The varying 
nature of AEI's, however, always requires extrapolation in the accelerating 
variable(s) and often requires extrapolation in time. This implies critical 
importance of model choice. Relying on the common statistical practice of fitting 
curves to data can result in an inadequate model or even nonsense results. 
Statisticians working on ALTs programs need to be aware of general principles of 
ALTs modeling and current best practices. 
1.2 TYPES OF ACCELERATED LIFE TESTIN(; 
Due to the difficult practical and statistical issues involved in accelerating 
the life of a complicated product that can fail in different ways, it is useful to 
divide accelerated tests into the following to categories 
(i) Qualitative AIA 
(ii) Quantitative ALT 
1.2.1 Qualitative ALT 
Qualitative tests are tests which yield failure information or failure modes 
only. During product development, a small sample of' prototype specimens is 
assigned to a single severe level of stress, to a number of' stresses, or to a time-
varying stress to identify the causes of failure. If the specimen survives, it passes 
the test. Otherwise, appropriate actions are taken to improve the product's design 
in order to eliminate the causes of failure. Qualitative AL'l's are used primarily to 
re\eal probable failure modes. f-lo\~ever. if not designed properly, they may cause 
the product to fail due to modes that would have never been encountered in real 
life. A good qualitative test is one that quickly reveals those failure modes that 
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will occur during the life of the product under normal use conditions. In general, 
qualitative ALI's do not measure the life or reliability characteristics of the 
product under normal use conditions: however, they provide valuable information 
as to the types and level of stresses one may wish to employ during a later 
quantitative test. Qualitative AI.Ts are of following types: 
(i) Elephant Tests: An elephant test usually consists of a single severe 
level of a stress that is used to reveal failure modes/mechanisms, or 
give engineers faith that a product is reliable, or establish a pass/fail 
criterion. 
(ii) Torture Tests: Torture tests are basically used to see how the 
products perform under hard stresses such as heat or cold. 
(iii) Highly Accelerated Life Tests (HALT): IIALT evaluation involves 
applying the following stimuli to products and/or components: 
temperature step stress, rapid temperature transitions, vibration, and a 
combination of these environments. The goal of the HALT is to break 
the product, find the weak components, and reinforce or improve the 
weak spots. 
(ii') 	Highly Accelerated Stress Screen (HASS): HASS is an on-going 
screening test used to identify process and vendor problems during the 
production process. I IASS differs from I IALI in that it is a screening 
of the actual products being produced through manufacturing using a 
less stressful level of stimuli. 
3 
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In general, qualitative tests do not quantify the life (or reliability) 
characteristics ofthe product under normal use conditions; however they provide 
valuable information as to the types and levels of stresses one niay wish to employ 
during a subsequent quantitative test. Such testing depends on qualitative 
engineering knowledge of the product and usually does not involve a physical-
statistical model, 
Benefits and Drawbacks of Qualitative Tests 
Benefits: 
i. Increase reliability by revealing probable failure modes. 
ii. Provide valuable feedback in designing quantitative tests, and in many 
cases are a precursor to a quantitative test. 
Drawbacks: 
i. Do not quantify the reliability of the product at normal use conditions. 
1.2.2 Quantitative ALT 
Quantitative ALT consists of tests designed to quantify the life 
characteristics of the product, component or system under normal use conditions, 
and thereby provide reliability information. Reliability information can include 
the estimation of the probability of failure of the product under use conditions, 
mean life under use conditions, projected returns and warranty costs. It can also 
be used to assist in the performance of risk assessments, design comparisons, etc. 
In Quantitative ALTs, units are tested at higher-than-usual levels of stress to 
induce early failure. Data obtained from Quantitative ALTS are then analyzed 
based on models that relate the lifetime to stress. Finally, the results are 
UFSIGNS OF ACCELERATED I,IFETE9IS 	 4 
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extrapolated to estimate the life distribution at the normal use condition. 
Quantitative accelerated life testing can take the follo~%ing forms 
(i) Usage Rate Acceleration: For products which do not operate continuously 
under normal conditions, if the test units are operated continuously, failures 
are encountered earlier than if the units were tested at normal usage. For 
example, a micro%\a\e oven operates for small periods of time every day. 
One can accelerate it test on microwave ovens by operating them more 
frequently until failure. The same could be said of washers. If we assume an 
average washer use of 6 hours a \\eek, one could conceivably reduce the 
testing time 28-fold by testing these washers continuously. Data obtained 
through usage acceleration can be analyzed with the same methods used to 
anal\Le regular times-to-failure data. The limitation of usage rate 
acceleration arises when products, such as computer servers and 
peripherals, maintain a very high or even continuous usage. In such cases, 
usage acceleration, even though desirable. is not a feasible alternative. In 
these cases the practitioner must stimulate the product to fail, usually 
through the application of stresses. This method of accelerated lilt testing is 
called overstress acceleration and is described next. 
(ii) Overstress Acceleration: For products with very high or continuous usage, 
the accelerated life testing practitioner must stimulate the product to fail in 
a life test. This is accomplished by applying stress(es) that exceed the 
stress(es) that a product will encounter under normal use conditions. The 
times-to-failure data obtained under these conditions are then used to 
DESIGNS OF ACCE1.FRATI.1) LIFE TESTS 	 5 
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extrapolate to use conditions. Accelerated life tests can be performed at 
high or lo temperature, humidity. voltage, pressure. vibration. etc. in order 
to accelerate or stimulate the failure mechanisms. They can also be 
performed at a combination of these stresses. 
1.3 Quantitative Accelerated Life Data Analysis 
In typical life data analysis, use level probability density function, or pdf, of 
the times-to-failure can be easily determined using regular times-to-
failure/suspension data and an underlying distribution such as the Weibull, 
exponential or lognormal distribution etc. 
In accelerated life data analysis, however, we face the challenge of 
determining the use level pc1J from accelerated life test data. rather than from 
times-to-failure data obtained under use conditions. 'I'o accomplish this, we must 
develop a method that allo%ss us to extrapolate from data collected at accelerated 
conditions to arrive at an estimation of use level characteristics. Once this pd/ has 
been obtained, all other desired reliability results can be easily determined. 
including Percentage failing under warranty. Risk assessment, Design comparison 
and Wear-out period (product performance degradation). 
1.3.1 Stresses, Stress Levels and Stress Loadings 
In ALT stresses are those variations in testing conditions which are used to 
accelerate the failure modes under consideration but do not introduce failure 
nodes that would never occur under use conditions. 
Normally, these stress levels will fall outside the product specification limits 
but inside the design limits. If these stresses or limits are unknown, qualitative 
6 
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tests should be performed in order to ascertain the appropriate stress and stress 
levels. In addition to proper stress selection, the application of the stresses must be 
accomplished in some logical, controlled and quantifiable fashion. Accurate data 
on the stresses applied, as \yell as the ohser\ed hehavior of' the test specimens. 
must be maintained. Clearly, as the stress used in an accelerated test is become 
higher. the required test duration decreases (because failures will occur more 
quickly). However, as the stress level increases away from the use conditions, the 
uncertainty in the extrapolation increases. Confidence intervals provide a measure 
of this uncertainty in extrapolation. 
In real life, however, different types of loads can be considered when 
performing an accelerated test. Accelerated life tests can be classified as constant 
stress, step stress, cycling stress, random stress, etc. These types of' loads are 
classified according to the dependency of the stress with respect to time. There are 
two possible stress loading schemes, loadings in which the stress is time-
independent and loadings in which the stress is time-dependent. The mathematical 
treatment, models and assumptions vary depending on the relationship of' stress to 
time. 
Time-Independent Stress (Constant Stress) 
In time-independent stress, the stress applied to a sample of units does not 
vary with time. In other words, if' temperature is the stress, each unit is tested 
under the same accelerated temperature until test is terminated due some practical 
reasons and data is recorded. Constant stress loading can be understand by 
following figure easily 
7 
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Constant stress loading 
This type of' stress loading has nmany advantages over time-dependent stress 
loadings. Specifically: 
i. Most products are assumed to operate at a constant stress under normal use. 
ii. It is far easier to run a constant stress test. 
iii. It is far easier to quantify a constant stress test. 
iv. Models for data analysis exist, are widely publicized and are empirically 
verified. 
v. Extrapolation from a well-executed constant stress test is more accurate 
than extrapolation from a time-dependent stress test. 
Time-Dependent Stress 
When the stress is tithe-dependent, the product is subjected to a stress level 
that varies with time. Products subjected to time-dependent stress loadings will 
yield failures more quickly, and models that fit them are thought by many to be 
the "holy grail" of accelerated life testing. The cumulative damage model allows 
to analyze data from accelerated life tests with time-dependent stress profiles. 
In these cases. the stress load remains constant for a period of time and then 
is stepped/ ramped into a different stress level, where it remains constant for 
a 
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another time interval until it is stepped/ ramped again. There are numerous 
variations of this concept. 
Step-Stress Ramp Stress 
J 
 
roue 
Progressive Stress 	 Completely time-dependent stress 
1.3.2 Life-Stress Relationship 
After selecting an underlying file distribution appropriate to the given data, 
the second step is to select (or create) a model that describes a characteristic point 
or a life characteristic of the distribution from one stress level to another. Some 
commonly used life stress relationships are as follows 
DESIGNS OF ACCELERATED LIFE TESTS 
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1.3.2.1 Single Stress Relationships 
\rrhenius life-stress model: the :\rrheniu1 relationship is \\idol\ used to model 
(product lice as a function 01' temperature. It is derived from the reaction rate 
equation proposed h\ the S\\edish ph\sical chemist S' ante August Arncenius in 
I 87 and ,ken h\ 
r = A` cxp {— E/(k7)}, 
\\ here 
r is the speed of 'a certain chemical reaction. 
K IS all unknown non-thermal constallt. 
E is the acti%ation energy\ of the reaction. usuafl\ in electron—\ ohs 
k is the Bolttmann's constant ( 8.1671x IO -`electron—\ults per (el sius deree) 
T is the absolute temperature expressed in feel in grades. 
I he Arrhenius acceleration factor AF, refers to the ratio of the nominal Iite 
het \\ een the use Ie\ cl T„ and a higher stress le\ el 7: 
r(T„) 	r 1_I AF., = r(T ) = exP YI 
T 7.. 1. 
,a\ in' that specimens run AF, times loner at temperature 7, than atT~. 
Eyring life-stress model: An alternative to the Arrhenius relationship for
tellmheratLire acceleration is the I:\ ring relationship based on quantum mechanics 
hick can also he used Ii)r stress \ariables other than temperature, such as 
hunlidit\ and ggi\cn h\ 
= eyp }13/(kT)} 
10 
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Here A and B are constants characteristic of the product and its test method: 
k is Bolumain's constant. l he l rini acceleration factor AF, is K,,I\en b\ 
r(T) 	7, 	IB~ I 	I 
r(7) Te k 	—T0 
InNerse I'owwer• Law (III.): The inverse po' er• law is commonly used fir non-
thermal accelerated stress. e.,,.. higher voltage. I he inxerse po'\er relationship 
hemeen nominal Ii 1e r oh'a product and a tpo,siti\e) stress variable V is 
V 
\\here A (husiti\e) and y, are parameters to he estimated. Lclui\alent forms are 
r(V) = A. r
and r(V) = 
\\here Vo is a specified (standard) Ie\el oh stress. 
l he acceleration factor .4F ol the inverse 	er la\\ is 
AF, r(J,) i/ , 
the I xponential Relationship: The exponential relationship is giRe by 
r =e p(y,, — in s) .\\here ;, and ', are unknown parameters to be estimated. 
The Exponential-Tosser• Relationship: I he e\pcIleHua1-ho\\er relationship i' 
~oi\elt h\ 
r = ems(%,, +y1sr' ) 
\\ Isere ; ,,; , and ; . are unknown parameters to he estimated. 
The Pop nomial Relationship: I he pok nomial relationship is given h~ 
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inr= 	ys' 
~~ here y, are unknown parameters to be estimated. 
1.3.2.2 \lultiN ariate relationships 
(general Log-Linear Relationship: .\ general and simple relationship for 
nominal Iife r with t\\o or more stress variables s, =1,2,..., j is the log—linear form 
Inr=ya + 	2'1.s, 
\\here y0 and y : are unknown parameters to be estimated. 
Fhe I'emperature-11unFidit 12elationshi): The tClnperature--humidit\ 
relationship, a variant of the I:\ ring relationship, has been proposed when 
temperature T and humidity U are the accelerated stresses in a test. The 
combination model is -,iven b\ 
r(T,U)=AexP 	 +-i)}  
When temperature T and a second non—thermal 'ar•iable V are the 
accelerated stresses tit ,1 tL'>t. then the Arrhenius and the inverse power la \\ models 
can be combined to field r(T,V)=Aexp (B / T) 
V` 
1.4 Quantitative ALTs Plans 
A typical model for ALT consists of two parts. First is a class of life time 
distribution, which describes how the life of the tested items is distributed at each 
stress level and secondly is an acceleration model that describes how the life time 
is related to the stress level. The choice of model usually depends on engineering 
12 
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knowledge, failure mechanism and experience. Different acceleration models and 
life distributions can be combined to build up a suitable model for analyzing the 
data from ALT. Arrhenius-exponential or Po~\er-Weibull models are examples of 
such models. 
Befi're starting an accelerated test (which is sometimes an expensive and 
difficult endeavor), it is advisable to have a plan that helps in accurately 
estimating reliability at operating conditions %%hile minimizing test time and costs. 
A test plan should he used to decide on the appropriate stress levels that should be 
used (for each stress type) and the amount of the test units that need to be 
allocated to the different stress levels (for each combination of the different stress 
types' levels). 'l'his section presents some common test plans for accelerated tests. 
1.4.1 (nn( ant titres, .%I.T man 
I lie most conlnlon •tress Ioadint. i> constant stress. I;YLch specimen is run at 
a constant stress level and there must he at least tMMo different levels in order to 
estimate all the parameters of' the fill`—stress relationship. \\ hell in use. most 
products run at constant stress, thus a constant stress test mimics actual use. 
Moreo er. such testing is simple and has a number ofad antages: 
(a) In Illost test., it is easier to maintain a constant stress level than 
cl an i it. the stress either in steps or eontinuousl 
(h) Accelerated tests for constant stress are better developed and 
empirical l\ en fled for some materials and products. 
(c) Data analysis for rcliahilit\ estimation is \\ell developed and 
eomputeri.ed. 
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f he definitions and assumptions of this model are as follows: 
I. [here are in (in >2) stress le eI s :1=1,2,....in 
2. "1 he number of specimens tested at each Ie\ef Without Censoring isn. 
3. The observed life of specimen j (j =1,2,....n) at stress level i is 
denoted h\ X,, 
4. The live. X,.......1',,, (at stress Ie\el i) are independently identically 
di.trihuted. 
1.4 .2 Step-Stress ALT Plan 
C,ts at constuOt. Iln h ,tresses can run too long I,ecau-e there is usuatl\ a 
great scatter in failure times. Step-stress testing like progressive-stress testing is 
intended to reduce test time and to assure that failures occur quickly enough. A 
;tell-stress test runs through a pattern of specified stresses. each fir a specified 
tile, until the specimen sails or the test is stopped \\ith specimens un-leiIcd \\hen 
.a certain censoring time has been reached. I he step—stress test requires the stress 
setting of a unit to be changed at specified times (time Step) or upon the 
occurrence of a fixed number of failures (failure-step). Often different step—stress 
patterns are used on different specimens. 
Test Procedure 
A random sample of n identical products is placed on test under initial stress 
level .i, and run until time r . and then the stress is changed to x, and the test is 
continued until all products Cail. 
Assumptions 
I. "There two stress levels x, and.v, (x, <.x,). 
1a 
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2. The failure time of a test unit follows a probability distribution at every 
stress level. 
3. The lifetimes of the products at each stress level are i.i.d. 
4. "l he life characteristic of the product is a function of stress. 
`. A cumulative exposure model holds, that is, the remaining life of test items 
depends only on the current cumulative fraction failed and current stress 
regardless of how the fraction accumulated. Moreover, if held at the current 
stress. items will fait according to the CDF of stress, but starting at the 
previously accumulated fraction failed, for more detail on CE Model see 
Nelson [1]. According to cumulative exposure model the CDF in step-
stress ALT are gi~en by 
I
IF(t) 	 0t<r 
F: (t—r- r') r<_t<oo 
where r', is obtained by solving F,(r)=F,(r') for r'. 
1.4.3 ALT using Itrogres%I a stress models 
In a progre`si\e-•tress test, the stress applied to a test unit is continuously 
inereusin,i in tittle. A \\idely used progressi\e-stress test is the ramp—test where 
the stress is linearly increasing. I here should heat least t\\o dif er•ent stress rates 
in order to estimate the parameters of the Iife-stress relationship. 
Test Procedure 
A sample ut' n, unit- (n, < n) is randomk chosen among n are allocated to 
stress le v el k, and the remaining n_ = n — nt units to stress le\ el k, The test is 
Continued until all test units tail or a prescribed censoring time T is achie ed. 
IS 
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Assumptions of Simple Ramp-Test 
I. I here ;Ire t\\c0 stie '. 1C%el Continuou,1% increased %%ith constant rate rate, k1  
and k, (k l < k, ) from iero in simple ramp test. 
2. At any increasing stress, the lifetimes of a test item tollo a probability 
distribution. 
3. For the elfcct of chaneinn. stress. the ('F model of' Nelson [ I i holds. 
1.5 Partially Accelerated Life Tests 
In ALT. acceleration factor is known or there exists a mathematical model 
which specifies the relationship between lifetime and stress(s). However, there are 
situations here neither acceleration factor is known nor such models exist or are 
very hard to assume. In such cases partially accelerated life tests (PALTs) are 
better criterion to use. The PALTs consist of a variety of test methods for 
shortening the life of certain products or hastening the degradation of their 
performance. The major assumption in PALT is that the mathematical model to 
justit\ the relationship between the mean lifetime and the stress is not known and 
cannot be assumed. Also. in PALT, the acceleration factor is not known. The 
stress can be applied in various ways, commonly used methods are step-stress and 
constant-stress. 
1.5.1 Constant Stress PALT 
In constant-stress PALT runs each item either at normal use condition or at 
accelerated condition only. Accelerated test condition includes stress(s) in the 
form of temperature, voltage, pressure, vibration, cycling rate, humidity, etc. 
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Constant Stress PALT Procedure: 
i. Total n items are divided randomly into two samples of sizes 
n(l — r) and nr respectively where r is sample proportion. First sample is 
allocated to normal use condition and other is allocated to accelerated 
conditions. 
ii. Each test item of every sample is run without changing the test condition 
until the censoring time r 
Assumptions: 
1. At use condition the lifetime of a test item follows a probability 
distribution. 
2. The lifetime of a test item at accelerated condition is obtained by using 
X = /3 '7' where 13 > I , is an acceleration factor. 
3. The lifetimes 7,i = I,....n(l —r) of items allocated to normal condition 
are i.i.d. random variables. 
4. The lifetimes A' ,1 =1,...,+rr , of items allocated to accelerated 
conditions, respectively. are i.i.d. random variables. 
5. The lifetimes T, and .V are mutually independent. 
1.5.2 Step Stress PALT 
Step Stress PALT Procedure: In step t' \l I . the to t unit is first run at u-e 
~ondition. and ii' the unit does not Iail h\ the end of the hccilied timer . the test is 
' itched to a higher lc el and continued until the unit tiriIs or the test is censored. 
l lurs. the total lifetime Y of the unit in step PAL, l is gken as tollo\~s: 
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Jar X:—r. 
1,r + f1-I (X — r) .1nr X < r, 
'N here X is the Iiletime of an item at use condition. r is the stress chane 
time and Q is the acceleration factor. usually- /1 > 1 . Because the s\\ itch nI.; to the 
hi ,her stress level can he re~iarded as tampering= with the ordinary life test. Y is 
called a tampered random variable. r is called the tampering point and 8-' is 
called the tampering coefficient. If the ob,er'.ed 'aloe of Y is less than the 
tampering point, it i,, called non-tampered oh~ervation: other'.'.ise. it is called a 
tampered observation. The aho\e model is referred to as a 1 RV model (tampered 
random \ariable model). .Another approach in step P.\1.1' is the TFR model 
c tampered failure rate model) defined as 
'/i(x) 	%r X < r, 
I,' (x)= 
la/i(x) for X > r. 
1.6 ESTIMATION PROCEDURES 
Once a life distribution and a life-stress relationship have been selected, the 
distribution parameters that go'. em the life characteristics need to be determined. 
Various statistical methods have been applied to estimate the parameters and their 
confidence limits of an accelerated testing model. two of them are generally used 
by researchers: graphical estimation and maximum likelihood estimation. 
Graphical method is a simple and easy way to perform the estimation. It first 
estimates the parameters of the life distribution at each individual stress level, and 
then plots the life characteristic vs. stress on a paper that linearizes the assumed 
life-stress relationship. The parameters of the life stress relationship are then 
estimated from the plot. Clearly, the graphical method treats the life distribution 
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and the life-stress relationship separately. One of the drawbacks of this method is 
that in some problems. lots of the lit e data are censored: there is even no failure 
occurs at lower stress levels. In such situations. the standard techniques of 
graphical estimation for the parameters cannot be used. since the values of the 
censored observations are not known. 
Maximum likelihood method is a better approach for fitting models to 
censored data. Using the VILE method, the life distribution and the life-stress 
relationship can be treated as one complete model that describes both. The life 
data that are observed to have an exact failure time and are censored to have a 
partially known value are included in the likelihood function. A maximum 
likelihood estimator has some good properties including the asymptotic normality. 
It is straightforward, and applies to most theoretical models and censored data. 
researchers prefer to use it %\hen fitting an accelerated testing model. 
1. LITERATURE. REVIEW 
I here is lot of literature describing research that has been done on ALT data 
analyses and on ALT plan designs. l"or example, Nelson 12] provides an extensive 
and comprehensive source for background material, practical methodology, basic 
theory, and examples for accelerated testing. Viertl [3]. with little emphasis on 
applications, provides a briefer and more technical overview of the available 
statistical methods for AL'I's. with more focus than Nelson [2] on a large class of 
statistical methods that, for a variety of practical reasons. seem not to have been 
used widely in practice. These methods include nonparametric. semi-parametric 
and Bayesian methods for ALT planning and analysis. Nelson [2] contains 431 
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references; Vierti [3] contains 208. Mann. Schafer & Singpurwalla [4] overview 
ALT methods available at the time that book as written. For more details see 
Davis [5]. Kalbileisch and Prentice [6]. Cox and Oakes [7]. Kececioglu [8], 
Lax less [9]. Meeker and Escobar [101. Meeker and f Jahn [ 1 I ], Nelson [ 12], 
ReliaSoft [13].  Bagdona icius and Nikulin [ 141. 
The most common stress loading is constant stress. In constant stress-
accelerated life test (CSAI,T), the stress is kept at a constant level of stress 
throuehout the life of the test: that is. each unit is run at a constant high stress 
level until the occurrence of' failure or the observation is censored. Practically, 
most devices such as lamps, semiconductors, and microelectronics are run at a 
constant stress. Many authors have studied statistical inference of CSAL"l'; for 
example, see Lawless [15].  McCool 116]. Bai and Chung [ 17], Bugaighis [18]. 
Watkins [19], Watkins and John [20], Abdel-Ghaly et al. [21] and Fan and Yu 
[221. Before launching a new product. the manufacturer is always faced with 
decisions regarding the opt i iii urn method to estimate the reliability of the product 
or the service. Moreover, a test plan needs to be developed to obtain appropriate 
and sufficient information in order to accurately estimate the reliability 
performance at operating conditions. significantly reduce test times and costs, and 
achieve other objectives. The appropriate criteria for choosing a test plan depend 
on the purpose of the experiment Meeker et al. [23]. Optimum CSALT plans were 
studied for different lifetime distributions based on different censoring scheme: 
for example. Nelson and Kielpinski [24] studied optimum AI,T plans for normal 
and lognormal litc distributions. Yang [2 51 proposed an optimal design of 4-level 
'0  
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constant-stress ALT plans considering different censoring times. Ding et al. [26] 
dealt with Weibull distribution. Atria, et al. [27] obtained the optimal designs and 
statistical inference of accelerated life tests under type-I are studied for constant 
stress-accelerated life tests assuming that the lifetime at design stress has 
generalized logistic distribution. Ahmad et al. [28], Islam and Ahmad [29], 
Ahmad and Islam [30], Ahrnad, et al. [31] and Ahmad [32] discuss the optimal 
constant stress accelerated life test designs under periodic inspection and Type-I 
censoring. Chen et al. [33] discuss the optimal design of multiple constant stress 
accelerated life test plan on non-rectangle test region. Al-Flussaini and Abdel- 
I lamid [34] consider the Accelerated life tests under finite mixture models. Iluang 
[35] introduced the GP model for the analysis of ALT with complete and censored 
exponential samples under the constant stress. Katnal et al. [36] extended the GP 
model for the analysis of ALT with complete Weibull failure data under constant 
stress. Zhou et al. [37] implement GP model in constant stress accelerated life test 
model based on the progressive Type-1 hybrid censored Rayleigh failure data. 
In the literature for Step stress ALL, DeGroot and (Joel [381 introduced the 
tampered random variable model and discussed optimal tests under a Bayesian 
framework. Sedyakin [39] proposed the cumulative exposure model in the simple 
step-stress model which was generalized by Bagdonavicius [40] and Nelson [I]. 
Miller and Nelson [41] obtained the optimal time for stress change by assuming 
exponentially distributed life times. Bat, Kim, and Lee [42] extended the results of 
Miller and Nelson to the case of censoring. Bhattacharyya and Soejoeti [43] 
proposed the tampered failure rate model which assumes that the effect of 
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changing stress level is to multiply the initial failure rate function by a factor 
subsequent to the changed time. This tampered failure rate model was generalized 
by Madi [44] from the simple step-stress model to the multiple step-stress case. 
Khamis and Higgins [45] and Kateri and Balakrishnan [46] discussed inferential 
methods for cumulative exposure model under Weihull distributed lifetimes. 
Alhadeed and Yang [47, 48] obtained the optimal design for the Khantis-Higgins 
model, and for the lognormal simple step-stress models. Xiong [49] and Xiong 
and Milliken [50] discussed inference of the exponential lifetimes assuming that 
the mean life is a log linear function of the stress level. Even though the log-linear 
link function provides a simpler model, Watkins [S II argued that it is preferable to 
work with the original exponential parameters. Gouno and Balakrishnan [521 
reviewed the development on step-stress accelerated life-tests. Gouno. Sen and 
Balakrishnan [53] presented inference for step-stress models under the 
exponential distribution in the case of a progressively Type-I censored data. 
Balakrishnan and Han [54] obtained the optimal step-stress testing plan for 
progressively Type-1 censored data from exponential distribution. Xione and Ji 
[55] proposed an analysis of step stress life tests based on grouped and censored 
data. Xiong, Zhu and Ji [56] discuss simple step-stress life test with a random 
stress-change time. Balakrishnan [57] discussed exact inferential results for 
exponential step-stress models and some associated optimal accelerated life-tests. 
Tang [58] reviewed multiple steps step-stress accelerated tests. Balakrishnan, 
Kundu, Ng and Kannan [59] discussed the simple step-stress model under Type-ll 
censoring under the exponential distribution. Balakrishnan, Xie and Kundu [60] 
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presented exact inference for the simple step-stress model from the exponential 
distribution when there is time constraint on the duration of the experiment. 
Ralakrishnan and Xie [61] discussed exact inference for a simple step-stress 
model with Type-ll hybrid censored data from the exponential distribution. Al-
Masri and AI-Haj Ebrahem [62] derived the optimum times of changing stress 
level for simple step-stress plans under a cumulative exposure model assuming 
that the life time of a test unit follows a log-logistic distribution with known scale 
parameter by minimizing the asymptotic variance of the maximum likelihood 
estimator of the model parameters at the design stress with respect to the change 
time. Hassan and Al-Ghamdi [63] obtained the optimal times of changing stress 
level for simple stress plans under a cumulative exposure model using the Lomax 
distribution for a wide range of values of the model parameters. Zarrin ct al. [64] 
consider Step-Stress Accelerated life testing plan for Exponentiated Weibull 
distribution, Saxena et al, [65] obtained Optimum Step-Stress Accelerated Life 
testing plan for Power Function Distribution. Saxena et al. [66] discuss the 
Optimum Step-Stress Accelerated Life Testing procedure for Rayleigh 
Distribution. Xu and Fei (67] introduced and compared the four basic models for 
step-stress accelerated life testing: cumulative exposure model (CEM), linear 
cumulative exposure model (LCEM), tampered random variable model (TRVM), 
and tampered failure rate model (TFRM). Limitations of the four models are also 
introduced for better use of the models. 
In a progressive stress test, the stress applied to a test unit is continuously 
increasing in time. An ALT with linearly increasing stress is a ramp test. In 
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particular, a ramp test with two different linearly increasing stresses is a simple 
ramp test. Ramp tests are commonly used in fatigue testing. See example. Prot 
[681, Solomon et ell. [69]. Starr and Endicott [70]. For more details see, Yin and 
Sheng [71J. Bai et al. [72]. Bai and Chun [73]. and Srivastava and Shukla [741 
have all studied simple ramp-stress ALT tests where stress in the ramp test 
increases indefinitely in time. This approach is an impractical situation as too high 
a stress may cause failure modes other than that under consideration and the test 
unit might not be able to provide such a high stress. Hong et al. [75] proposed a 
new optimum ramp-stress test plan by using a new approach for computing 
approximate large-sample variances of ML estimators of a quantile of a general 
log-location-scale distribution with censoring, and time-varying stress. Bai et crl. 
[76] proposed an optimum time censored single objective ramp test with a stress 
upper bound for Weihull life distribution. Wang and lei 1771 generalized the 
tampered tailure rate model from the step-stress accelerated life testing setting to 
the progressive stress accelerated lile testing for the first time. For the parametric 
setting where the scale parameter satisfying the equation of the inverse power law 
is Weibull. maximum likelihood estimation is investigated. Abdel-Hamid and AL-
Hussaini [781 considered progressive stress accelerated life tests when the lifetime 
of a product under use condition follows a finite mixture of distributions. 
Srivastava and Jain [79] discuss optimum ramp accelerated life test (ALT) of m 
identical repairable systems using non-homogeneous power law process (PLP) 
under failure truncated case. Most of the previous work on planning ALT has 
focused on a sole estimating objective, such as some specified 100 quantile 
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lifetime, the reliability of a product over some specified period of time, and 
accelerating factor. It is impractical to estimate only one objective parameter after 
conducting such costly tests. Srivastava and Mittal 1801 deals with the formulation 
of optimum multi-objective ramp-stress accelerated life test plans with stress 
tipper bounds for the Burr type-XII distribution under type-I censoring. Srivastava 
and Mittal [81] considers optimal design lbr ramp-stress accelerated life test with 
multiple stresses and multiple estimating objectives using Burr type-XII life 
distribution and Type-1 censoring. 
For Constant Stress PALT. So far a limited literature is available for 
constant stress PALT. Bai & Chung [82] consider constant stress PALT to obtain 
maximum likelihood estimates of the parameter of the exponential distribution 
and the acceleration under type-I censoring. Abdel-Ghaly et al. [8]] presented the 
MLE method to estimate the parameters of the Burr XII distribution with Types I 
and II censoring for a (:S-PALT model. Abdel-Hamid [84] also considered the 
MLE method to estimate the parameters of the Burr XII distribution with 
progressive Type 11 censoring for a CS-PALT model. Ismail [85] obtained the 
maximum likelihood estimators of the model parameters consider constant stress 
PALT with type-II censoring assuming that the lifetime at design stress has 
Weibull distribution. Cheng and Wang [86] present the performance of the 
maximum likelihood estimates of the Burr XII parameters for constant-stress 
partially accelerated life tests under multiple censored data using two maximum 
likelihood estimation methods. One method is based on observed-data likelihood 
function and the maximum likelihood estimates are obtained by using the quasi- 
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Newton algorithm. The other method is based on complete-data likelihood 
function and the maximum likelihood estimates are derived by using the 
expectation-maximization (EM) algorithm. More recently Zarrin et al. [87] 
considered constant stress PALT with type-I censoring. Assuming Rayleigh 
distribution as the underlying lifetime distribution they obtained maximum 
likelihood estimates for the distribution parameter and acceleration factor. 
For an overview of SS-PALT, there is lot of amount of literature on 
designing SS-PALT. For example. Goel [88] considered the estimation problem 
of the accelerated factor using both maximum likelihood and Bayesian methods 
for items having exponential and uniform distributions. DeGrool and Gocl 138] 
estimated the parameters of the exponential distribution and acceleration lactor in 
SS-PALT using Bayesian approach, with different loss functions. Also, 
Bhattacharyya and Soejoeti [43] estimated the parameters of the Weibull 
distribution and acceleration factor using maximum likelihood method. Bai and 
Chung [821 estimated the scale parameter and acceleration factor for exponential 
distribution under type [ censored sample using maximum likelihood method. 
Attia et al. [89] considered the maximum likelihood method for estimating the 
acceleration factor and the parameters of Weibull distribution in SS-PAI.T under 
type t censoring. Abel-Ghaly et al. [90] used Bayesian approach for estimating the 
parameters of Weibdl distribution parameters with known shape parameter. They 
studied the estimation problem in SS-PALf under both type I and type 1I 
censored data. Abdel-Ghani [91] considered the estimation problem of the 
parameters of Weibull distribution and the acceleration factor for both SS-PALT 
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and constant-stress PALT. lie applied maximum likelihood and Bayesian methods 
under type I and type 11 censored data. Abdel-Ghaly et al. [92] studied the 
estimation problem of the acceleration factor and the parameters of Weibull 
distribution in SS-PACT using maximum likelihood method in two types of data. 
namely type I and type II censoring. Abdel-Ghaly et al. 193. 94] studied both the 
estimation and optimal design problems for the Pareto distribution under SS- 
PALT 	ith type I and type 11 censoring:. Abdel-Ghani [95] considered the 
estimation problem of log-logistic distribution parameters under SS-PALT. 
Recent]. Ismail [96] used maximum likelihood and Bayesian methods for 
estimating the acceleration factor and the parameters of Pareto distribution of the 
second kind. Ismail [97] studied the estimation and optimal design problems for 
the Gompertz distribution in SS-PALT with type I censored data. Abd-EIfattah et 
al. [98] studied the estimation problem of' the acceleration factor and the 
parameters of Burr type XII distribution in SSALT using maximum likelihood 
method under type I censoring. Ismail [99] considers step-stress partially 
accelerated test model for the estimation of parameters of Weibull distribution 
based on hybrid censored data. Bakoban [ 100] obtained estimates for parameters 
of generalized Inverted Exponential Distribution in Step- Stress Partially 
Accelerated Life Tests using Type I Censoring. Ismail and Aly [101], Srivastava 
and Mittal [1021 deal %\ ith the optimal designing of step-stress partially 
accelerated life tests for Censored Data. 
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ESTIMATION iN CONSTANT STRESS PARTIALLY ACCELERATED 
LIFE TESTS FOR RAYLEIGH DISTRIBUTION USING TYPE-I 
CENSORING 
2.1 1NTROI)tCTION 
In real life situations it is very difficult to obtain information about lifetime 
of some highly reliable products while testing under normal operating conditions. 
Under these circumstances the accelerated life testing is used to obtain quick 
failures in which a sample of these materials is tested at more severe operating 
conditions than normal ones and the life data obtained from these high stresses are 
then used to estimate the life distribution at design condition by using some 
known or assumed life stress relationship. In some cases, such life stress 
relationships are not known and cannot be assumed. So, in such cases, another 
approach can be used, which is partially accelerated life tests. In PALT, test units 
are run at both normal operating and accelerated stress conditions. 
In this chapter the constant-stress PA1.T plan with type I censored data fi r 
Rayleigh distribution is considered. The maximum likelihood method is used for 
estimating the acceleration factor and the parameters of distribution. The 
confidence intervals of the estimators are also obtained. The performance of the 
estimates is examined by a simulated example. 
2.2 THE MODEL 
the lifetimes of the test Items are assumed to follow a Rayleigh distribution. 
The probability density function of the Rayleigh distribution is given by 
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At)= I exp l — , . 051<x, 9>0 	 (2.1) 
A - 	 = 
\\ here, 0 is the scale parameter. 
And the cumulative distribution function is given by 
F(I)=1 —exp --,J, 0<t<,0>() 	 (2.2) 
The reliability function of the Rayleigh distribution takes the form 
R(t) = exp[— _(>= , 	 (2.3) 
and the corresponding hazard rate is given by 
!r(r) = f 
0- 
The Rayleigh distribution has played an important role in modeling the 
lifetime of random phenomena. It arises in many areas of applications, including 
reliability, life testing and survival analysis. Rayleigh distribution is a special case 
of \Veibull distribution (shape parameter= 2). Rayleigh distribution is frequently 
used to model wave heights in oceanography, and in communication theory to 
describe hourly median and instantaneous peak power of received radio signals. It 
has been used to model the frequency of different wind speeds over a year and a 
wind turbine sites. The distance from one individual to its nearest neighbor when 
the spatial pattern is generated by Poisson distribution follows a Rayleigh 
distribution. In communication theory, Rayleigh distribution is used to model 
scattered signals that reach a receiver by multiple paths. Depending on the density 
of scatter. the signal \ill display different fading characteristics. Rayleigh 
distribution is used to model dense scatter. 
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2.2.1 Constant-Stress PALT Procedure 
In a constant-stress PAL .'l'. all of' the it items are divided into two parts. 
nr items are randomly chosen among n items. which are allocated to accelerated 
conditions and the remaining n(1—r) are allocated to normal use conditions, 
where r is proportion of sample units allocated to accelerated condition then each 
test item is run until the censoring time r and the test condition is not changed. 
Some assumptions are also made in a constant-stress I'ALT. 
• The lifetimes T,i = I.....~r(1 —r) and X,,/ = 1,....,u•, of items allocated to 
normal and accelerated conditions, respectively, are i.i.d. random variables. 
• [he lifetimes T, and X, are mutually statistically independent. 
2.3 MAXIMUM LIKELIIIOOI) ESTIMATION 
the maximum likelihood estimation is one of the most important and widely 
used methods in statistics. It is commonly used for the most theoretical model and 
kinds of' censored data. The idea behind the maximum likelihood parameter 
estimation is to determine the estimates of the parameter that maximizes the 
likelihood of the sample data. Also the NILEs have the desirable properties of 
being consistent and asymptotically normal for laruc samples. 
In a simple constant-stress PALL'. the test item is run at use condition or at 
accelerated condition only. A simple constant stress plan uses only two stresses 
and allocates the n sample units to them. 
The probability density function of an item tested at use condition is given by 
f(1)= , exp — —, 
f
I , ~ >_ 0 
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and for an item tested at accelerated condition, the probability density function is 
given by 
./(x)= -'eM1— ( ~) 1.x>0 
here X _ 	 , 13 is the acceleration factor ,vhich is the ratio of mean life at use 
condition to that at accelerated condition. usually 13 > 1 . 
Let c} and O be the indicator functions (Indicator Function is a function 
defined on a set S that indicates membership of' an element in a subset A of S. 
having the value I for all elements of A and the value 0 for all elements of S not 
in :t .). such that 
l 	t5r i = l?..... rr(l — r) 
Otherwise 
and 
1 	s <_r 60! _ j =1.2, ... rur 
0 	0/{N!'1t7.ei' 
he likelihood functions for (1,,c )and (x1 .o)are respectively given by 
L.,(t,•a,,, 1 0) _ f B. e'p — 2B' 	ems(— 29= 	 (2.4) 
/3,0)_~ 	 c — (f3x,)2 
	
(2.5) 
Where, 
=1—d and 
= I - ai 
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The total likelihood function for 
(1 ;O' i ..... 	 .C~un(I-r)..1.[r.•.... .nr.a,r) is given by 
n(I-r) 
L(i, x 1 /.3. H) _ Ti 9 e 	2A' 	e 	2B' 
- ( 	r 	(2.6) 
It is usually easier to maximize the natural logarithm of the likelihood 
function rather than the likelihood function itself. Therefore, the logarithm of (2.6) 
Is 
InL=h Inr -'_1nO-=, -- 	(1-li,,,) 
+ 	cS, InX, +2In/3-2Ino-
W 
' -~ 	(I-d,,) 	(2.7) 
2 	2fI' 
NILEs of ,13 and 0 are solutions to the system of equations obtained by 
letting the first partial derivatives of the total log likelihood be zero with respect to 
/3 and 0, respectively. Therefore, the system of equations is as follows: 
o In L   cB -~(n ft -,)-~; J, 
r 	 ~ ~ te e: iy>(I-►)-it„}+ z 1 
(nu -n)=0 	 (2.8) 
d3 
aln L 2n<, 	[3 	37r , 
P  
\\here n, and n are the number of' items failed at normal and accelerated 
conditions respectively. 
32 
DESIGNS OF ACCELERATED LIFL I LSTS 
ESTIMATION IN CONSTAN'I STRESS PARTIALLY ACCELERAI ED LIFE: TESTS FOR RAYLEIGH DISTRI6UTIUN 
USING TYPE-I CENSORING 
From (2.8) and (2.9), the MLEs of /3 and 0 can be expressed as 
nll-rl 	 nr 	 ~ 
t; --r 2 {n(1—r)—n„}+/32 1ci„,x 2 +/32 r 2 (nr—n„) 
9= 	 j=1 	 (2.10) 
2(n — nom) 
and. 
1 = 	2"° 	
(2.11) 
nr 	r 
.T + B (nr -n,) 
I:rom (2.1 1), Q can be calculated easily, and once the value of 	is obtained 
then 0 can also be estimated by substituting the value of' 13 in (2.10). The 
as> mptotic variance-covariance matrix of /3 and 0 is obtained by numerically 
inverting the Fisher-inthrmation matrix composed of' the negative second 
derivatives of the natural logarithm of the likelihood function evaluated at the ML 
estimates. The asymptotic Fisher-information matrix can be written as: 
_0- InL 0- InL 
0"InL o- InL 
The elements of the above information matrix 'can be expressed by the 
following equations: 
a21nL 	21  _ ; (n 	_~, -11,) 1 
	
8,,, t +T{1?(I - r) - nu l 
rnr 
+ fl r 2 (11r - 
~=1 
ji 
DESIGNS OF ACCELERATED LIFE TESTS 
ESTIMAION IN CONSTANT STRESS PARTIALLY ACCELERATED LIFE 'PESTS FOR RAYLEIGH DISTRIBUTION 
USINU TYPE-I CENSORING 
a2 In L 	?t? 	1 " – 	r' 
a,C~= /3 H 0 
a2 In L  2/3 +x2(111–"'
1 
) 
(1)0 O'[ , 
c-'InL 	,~, _29  
cS x +  
Consequently, the maximum likelihood estimators of /3 and 0 have an 
asymptotic variance-covariance matrix defined by inverting the Fisher 
information matrix given above. 
2.4 INTERVAL ESTIMATES 
If L. = L.(v ,..., v,, ) and (,', =U,(v....., i',,) are functions of the sample 
data •i•,........,,. then a confidence interval for a population parameter r.- is given by 
/4 L, <c<U,]=y 
	 (2.12) 
where, LL and U. are the lover and upper confidence limits which enclose e 
with probability,v . The interval [L£ ,Clt ] is called a two sided 100y% confidence 
interval forr,•. 
For large sample size, the MI.Fs. under appropriate regularity conditions. 
are consistent and asymptotically normally distributed. 
Therefore, the two sided approximate 1007% confidence limits for the MLE 
i of a population parameter scan be constructed, such that 
6(£) 	 (2.13) 
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where. = is the 1100(1— Y)I  standard normal percentile. Therefore, the two 
sided approximate 100y% confidence limits for a population parameter can be 
obtained such that 
(2.14) 
Then, the two sided approximate confidence limits for Q and 0 will he 
constructed using (2.14) with confidence levels 95% and 99%. 
2.5 OPTIMUM SIMPLE CONSTANT-STRESS TEST PLANS 
this section deals with the problem of optimally designing a simple 
constant-stress PALT. which terminates at a pre-specified time for products 
having a Rayleigh distribution. here, the aim is to obtain the optimal proportion 
of sample units r' . allocated to accelerated conditions based on the outputs of the 
stage of the parameter estimation that are in the same time considered inputs to 
the optimal design stage of the test. The proportion of sample unitsr. allocated to 
accelerated condition is pre-specified for the stage of parameter estimation. But 
for the optimal design stage of' the test, r is considered as division parameter that 
has to he optimally determined according to a certain optimality criterion. The 
optimality criterion is to find the optimal proportion of sample units r' allocated to 
accelerated condition such that the Generalized Asymptotic Variance (GAV) of 
the ML[ of the model parameters at normal use condition is minimized, see 
Abdel-Ghale\ et.al. [94]. 
Most of the test plans allocate the same number of test units at each stress 
i.e. they are equally-spaced test stresses. Such test plans are usually inefficient for 
DINAASOI A(.11E:RAlCUVf .IIS 
ESTIMATION IN CONS! ANT STRESS PAR IIAI I Y ACC'LI.I:RAI l`I) III: 'II'SI'S FUR RAYLEIGII DlSTRllil'l ]ON 
USING TYPE•I CENSORING 
estimating the mean life at design stress. see Yang [25]. Therefore. to determine 
the optimal sample proportion r' allocated to accelerated condition, r is chosen 
such that the GAV Of the Ml, estimators of the model parameters is minimized. 
I he GAV of the NIL estimators of the model parameters as an optimality criterion 
is defined as the reciprocal of the determinant of the Fisher-Information matrix 
F (Bai et.al., 1993)[1031. That is, 
GA1/(f1,j3) _ 1 	 (2.15) 1T~ 
The minimization of the GAV over r solves the following equation 
0GAV _ 0 	 (2.16) 
cr 
In general. the solution to (2.16) is not a closed form, so the Newton-
Raphson method is applied to obtain r' which minimizes the GAV. Accordingly, 
the corresponding expected number of items failed at use and accelerated 
conditions can be obtained, respectively, as follows 
n:* = n(I — r* ) P„ and n, = in' P, 
where, 
P„ = Probability that an item tested only at use condition fails by r 
P, = Probability that an item tested only at accelerated condition fails by r 
2.6. NUMERICAL STUDIES 
First a random sample generated from Rayleigh distribution for different 
sample sizes ii = 50,100...., 450. The values of parameters are chosen to 
be (H = 4.60.,O= 0.20. 0.80) . For different sample sizes the mean squared error 
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(MSE), Random Absolute Bias (RBias). Relative Error (RE), variance, the 
approximated two sided confidence limits at 95% and 99% level of significance 
of the estimators for two sets of parameters are obtained. The data in Fable 2.1 
and Table 2.2 gives the MSE, R ABias, RE and variance of the estimators for two 
sets of parameters (9=4.60,8=0.20)and (H=440,/3=0.80) respectively. While 
Table 2.3 and Table 2.4 presents the two sided approximate confidence limits at 
95% and 99% level of significance for the scale parameter and the acceleration 
factor. 
From these tables it is concluded that for the First set of 
parameters(O=4.60,1=0.20), the ML estimates have good statistical properties 
than the second set of parameters (8=4.40,/3=0.80)for all sample sizes. Also as 
the acceleration factor increases the estimates have smaller MSE and RE. As the 
sample size increases the RBais and MSEs of the estimates parameters decreases. 
This indicates that the ML estimates provide asymptotically normally distributed 
and consistent estimators for the scale parameter and the acceleration factor. 
When sample size increases, the interval of the estimators decreases. It is also 
noticed that the intervals of the estimators at y =0.95 is smaller than the interval of 
estimators aty —0.99.  
The results of this simulation study suggests that the ML estimates 
approximate the true values of the parameters well with good statistical properties 
and hence it may be say that PAI.T is a suitable model which enables to save time 
and money considerably without using a high stress to all test units. The optimal 
test plans improves the quality of the inference and increase the level of precision 
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in parameter estimation. So, statistically, optimum plans are needed, and the 
experimenters are advised to use them for estimating the life distribution at design 
stress. These plans can also serve as a criterion for comparison with other designs. 
Further work can be extended by applying the results to other distributions and 
other censored schemes such as progressive censoring. 
Table 2.1 The MSE. RF3ais. RE and Variances of the Parameters 
(0=4.60,/i=020) under Type-I Censoring 
n Parameters MSE RBias RE Variance 
50 
g  0.0062  0.0009 0.0179 0.0062 
0.0303 0.0306 0.0221 0.21R7 
100 
g 
It 
0.1055 0.0006 0.0738 0.1055 
0.0047 0.0228 0.0857 0.0044 
150 
B 0.0152 0.0014 0.0280 	0.0152 
0.0024 0.0163 0.0612 	0.0022 
200 p 
0.0131 0.0016 0.0260 1 	0.0131 
0.0209 0.0110 0.1807 0.0208 
250 
g 
p 
	
0.0150 	0.0033 
0.0028 	0.0048 
0.0278 
0.0661 
0.0148 
0.0028 
300 
B 
I 
0.0169 0.0191 0.0295 0.0099 
0.0016 0.0090 0.0500 0.0015 
350 
8 
p 
0.0118 0.0204 0.0245 0.0037 
0.0197 0.0120 0.1754 0.0196 
400 
q 
p 
0.0181 0.0219 0.0306 0.0088 
0.0029 0.0106 0.0673 0.0028 
0.0100 
450 
g 
p 
0.0108 0.0065 0.0236 
0.0014 0.0080 0.0468 0.0014 
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Table 2.2 The MSE. RBais. RE and Variances of the Parameters 
(0 = 4.40, 6 = 0.80) under Type-1 Censori rig 
r1 	Parameters MSE 	RBias RE 	Variance 
50 
g 
6 
0.0227 0.0053 0.0328 0.0221 
0.0002 	0.0165 0.0707 0.0002 
100 
6 
0.0399 0.0120 0.0434 0.0369 
0.0004 0.0275 0.1000 0.0004 
150 
Q 
0.0914 0.0001 0.0657 0.0914 
0.0020 0.0040 0.2236 0.0020 
200 
O 
6 
0.0162 0.0070 0.0277 0.0152 
0.0002 0.0360 0.0707 0.0001 
250 
Q 
0.0266 0.0039 0.0355 0.0263 
0.0003 0.0380 0.0066 0.0002 
300 
6 
0.0698 0.0014 0.0574 0.0698 
0.0015 0.0010 0.1973 	0.0015 
350 
y 
6 
I 	0.0107 0.0058 	0.0225 0.0100 
0.0001 0.0095 0.0500 0.0001 
400 
ti 0.0014 0.0032 0.0081 0.0012 
0.0002 0.0140 0.0707 0.0002 
450 
0.0166 0.0034 	0.0280 0.0163 
0.0002 0.0540 	0.0707 0.0001 
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Table 2.3 Confidence Bounds of the Estimates at Confidence Level at 0.95 and 
0.99 (0=4.60./1=0.20) 
9S%, 	 99% 
n 
Parameters 	LCL 	 UCL 	LCL 	 [;CL 
50 
O 4.2842 4.8669 4.3318 4.8194 
0.1689 0.2244 	0.1735 0.2199 
© 
100 
/3 
4.2789 5.0319 4.3404 4.9704 
0.1663 0.2447 0.1727 0.2383 
150 
4.0079 5.1931 4.1047 5.0963 
0.1115 0.2869 	0.1259 0.2725 
p 
200 
4.3263 4.8094 4.3656 	4.7617 
0.1876 0.2268 0.1908 0.2236 
250 
4.3003 4.9361 	4.j522 4.8842 
0.2657 0.1647 0.2201 	0.1191 
g 
300 
4.0759 5.1115 4.1604 5.0269 
0.1239 0.2757 	j 	0.1363 0.2633 
© 
350 
4.3774 4.7694 	4.4094 4.7374 
0.1979 0.1983 	0.1817 0.2144 
4.6421 
400 
O 4.5174 4.6532 	4.5285 
0.1695 0.2249 	0.1740 0.2204 
450 
p 4.3655 4.8659 4.4063 4.8251 
0.1676 0.2068 0.1708 0.2036 
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Table 2.4 Confidence Bounds of the Estimates at Confidence Level at 0.95 and 
0.99 (8=4.40.3=0.80) 
n 
Parameters 
95% 99% 
LCL 	UCL LCL 	UCL 
50 
g 
p 
4.2498 4.5584 4.2749 4.5332 
0.4411 1.1235 0.4968 1.0678 
TOO 
O 
%3 
3.7659 5.0391 3.8698 4.9352 
0.6882 0.9482 07094 0.9269 
50 
g 
p 
3.6299 5.1581 4.1918 4.5962 
0.6951 0.8789 0.7101 0.8639 
200 
A 4.1749 4.6237 4.2116 4.5870 
0.5261 1.0915 0.5723 1.0453 
250 
o 
%3 
4.1472 4.6240 	4.1861 	4.5851 
0.7000 0.9075 0.7170 0.8906 
300 
(1 
4.1212 	4.5112 4.1530 4.4794 
0.7169 	0.8687 0.7293 0.8563 
350 
B 
Q 
4.1909 4.4294 4.2104 4.4099 
0.5352 1.0840 0.5800 1.0392 
400 
4.1199 4.4877 	i 	4.1499 4.4576 
0.6878 0.8952 	0.7047 0.8783 
450 
B 
ft 
4.1755 4.5675 4.2075 4.5355 
0.7203 	0.8669 0.7322 0.8549 
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CHAPTER 3 
STEP STRESS ACCELERATED LIFE TESTING FOR RAYLEIGH 
DISTRIBUTION 
3.1 INTRODUCTION 
With today's high technology, some life tests result in none or very few 
failures, by the end of the test. In such cases, an approach is to do life test at 
higher-than-usual stress conditions, in order to obtain failures quickly. This can be 
achieved by using accelerated life tests. Thus, prediction of the long-term 
reliability can be made within a short period of time. Results from the ALT are 
used to extrapolate the unit characteristics at any future time and given at normal 
operating conditions. One way to accelerate failure is step-stress which increases 
the stress applied to test product in a specified discrete sequence. Generally, test 
units start at a certain low stress. If the unit does not fail at a particular time, stress 
on it is raised and held at a specified time. Stress is repeatedly increased and held, 
until the test unit fails or a censoring point is reached. 
I'his chapter concentrates on both estimation and optimal design problems 
under step stress accelerated life testing in case of uncensored data for one 
parameter Rayleigh distribution. 
3.2 THE MODEL 
3.2.2 The Rayleigh distribution 
The probability densit\ function of Rayleigh distribution is given by 
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0<_r <~. 0>0 	 (3.1) 
where. 0 is the scale parameter. 
And the cumulative distribution function is given by 
F(1)=I—e`p — _,~, 0<_t<oo,©>0 
The reliability function of the Rayleigh distribution takes the form 
R(t)=exp(—' : }. 
H , 
and the corresponding hazard rate is given by 
The Rayleigh distribution has played an important role in modeling the lifetime of 
random phenomena. It arises in many areas of applications, including reliability, 
life testing and survival analysis. Rayleigh distribution is a special case of Weibull 
distribution (shape parameter= 2 ). 
3.2.2 Assumptions 
The folloNving assumptions are made 
l.L'nder any constant stress, the failure time of a test unit follows a Rayleigh 
distribution with cumulative distribution function given by 
f 	r' 
0>0 
20 - 
2.i'he scale parameter 0, at stress level s,.1 = 1.2 is a log linear function of 
stress, that is, Into.) = a + hs, , where aand h are unknown parameters 
depending upon the nature of the product and the method of the test. 
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3.The test is conducted as follows: All n units are initially put on lower stress 
s. and run until time r . Then the stress is changed to the high level s, and 
the test continues until all units fail. 
4.Total of n, failures are observed at time t, , j = 1,2,....n and level s,,i = 1,2. 
5.The lifetimes of the test units are independently identically distributed. 
6.The cumulative exposure model of time to failure step- stress ALT is given 
by 
f(t) – 
I F(t) 	 05t<r 
(3.3) 
F,(t–r+r') r5t<csD 
where, r'= 0' r is obtained by solving F (r) = F, (r')for r'. 
Thus the Rayleigh cumulative exposure model for simple-stress is given by 
I–exp – t—, , 	 0<–t<r 
F(t)= 	{t – rf 1 _B= 	 1 	 (3.4) e 
–ex  	 r <_! <ao 
and the corresponding probability density function of the failure time is obtained 
as 
r 	r' —exp -- 	 05t<r 
tg- 	20 
f(t)= 	 (3.5) 
!–r l-0' >exp  
92  t 	0~ 	 28; 
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3.3 LIKELIHOOD FUNCTION AND FISHER INFORMATION MATRIX 
In order to obtain the MLE of the model parameters, let 
r t , j=1,2,...,n,, i=1,2 be the observed failure time of j test unit under i,stress 
level, where n, denotes the number of units failed at the low stress s and n, 
denotes the number of units failed at the high stresss, . The likelihood function is 
given by 
( —r~l_ 0` Sr  
!.— 	exT 	 uS
( 
t z .—r I—= ,exlr~— 	 (3.6) 
As it is easier to maximize the natural logarithm of the likelihood function 
rather than the likelihood function itself. Then the log likelihood function is given 
by 
InL --2ni In0, + 	Int,P — 	tom' —2n, 1n0, 
( 0 
( H, !ts —r ll — B 
 
+j{,, l 
By using the relation ln(0,) = a +bs, , i = 1,2 in eq. (3.7) we get 
InL=-2wi-2b(n,s, +n,s,)+ 	Int„ +jIn~tt,—r(I—e°I" ` t )} 
em„I  
L _ i l— 	1 
2 	1.1 	b»n IJ 
— 
2e'o.nsl —~ 2exw.n~,l 	
(3.8) 
where n 
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The first derivatives of the natural logarithm of the likelihood function in 
(3.8) with respect to a and b are given by 
0In L 	z -20.1,1 	. -.) 	-ila.e„I =-2n 1 ~t e 	—L{'21 — TO —e` 	)le (3.9) 
	
°I i-I 
dlnL—c, + fl, s,)—r(s.—v,)em._,.)~ 	
I~ enh~-=o 
 
Bh LJ  !,.  T ( 	)  
_ 
e3fa-bn2(.S 
_  9, )6  	tt~~ —Stl—E 	)11 
l-1 
)w—zl—e 1 	(3.10) 
e 	,.I 
Where MLEs a and b for the model parameters a and bare obtained by 
solving equations (3.9) and (3.10) for aand b. As it is seems that equations (3.9) 
and (3.10) constitute a system of nonlinear equations and it is impossible to solve 
them directly. Therefore, an iterative procedure like Newton Raphson is required 
to solve these equations numerically to obtain the MI.Es ofaandh. Once the 
value of a is obtained, h can easily be calculated by using (3.10). 
But the exact mathematical expression for the expectation is too difficult to 
find. So it can be approximated by numerically inverting the asymptotic fisher 
information matrix. It is composed of the negative second and mixed derivatives 
of the natural logarithm of the likelihood function. So, asymptotic fisher 
information matrix can be written as 
_d'logL _a2 logL 
F = 	da' 	iwv 
a2 IngL 	n- IogL 
daoh 	8b' 
where, the elements of the matrix are given as 
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° 	L _ _,e 	 [ — 2eo..,,,„ 	lrzi — r(I — e~II )1 
d'InL o2 Ink
=-2s,e 2Io.nhl C't;+2ste 'la a—z(I—e'I„^o)~ dadb db2n  
+ 
2T(s, —s1) e ac„-,p 	— T(I- 1  ez~o.e„I 	tipe 
}, 	 1 In L = 	 e«.—~,t 	 t 	er ;,ail ) 1 	_ i(.r, — sl )tee 	—I¢ 	G~ 	 - t —a(I —e 	) r~ ~t,~ — 	)f  
-2s12e'o,_zia tg2 +2s,r(s,-sDe a {._I_e
na,-n)} . 
 -et_o e5i 	~4z - r(I-er)} _
n rz(s _ S )z e u,-esl 
r-I 
+r(sz -s,')e . a,,•~rzi - I - )} 
t .~ 
3.4 CONFIDENCE INTERVALS FOR MODEL PARAMETERS 
The most common method to set confidence bounds for the parameters is to 
use asymptotic normal distribution of maximum likelihood estimators. 
To construct a confidence interval f'or a population parameters; assume 
that I. = L. (vl ,.... y) and U =U,(y„_., y„) are functions of the sample data 
y,.. ,v such that P (Ls <_a <U) = where the interval [L„U, ] is called a two 
sided X100% confidence interval fors. L, and Uarc the lower and upper 
confidence limits for e, respectively. The random limits L~ and U, enclose e 
with probability. 
Asymptotically, the maximum likelihood estimators, under appropriate 
regularity conditions are consistent and normally distributed. Therefore, the two 
DESIGNS  OF ACCELERATED LIFE TESTS 
STEP STRESS ACCELERATED LIFETESTIHG FOR RAYLEIGH DISTRIHVTION 
sided approximate x 100% confidence limits for a population parameters can be 
constructed such that: 
(3.1)) 
where 7 is the [100(1-5/2)]" standard normal percentile. Therefore, the 
two side ,; 100% approximate confidence limits for a and bare given respectively 
as follows: 
L=a—Zrr(a) 	L,=a+Za(i) 
L„=b—Zo(b) 	L„=b+Za(b) 
3.5 OPTIMIZATION CRITERION 
The optimal test plan is to determine the duration of the lower stress level. 
According to AI-l-Iaj Ebrahem and Al-Masri 11041, an optimum test plan can be 
determined with respect to the change time, AV of the MLE of a given 100q - th 
percentile at the design stress so . The log of the l Olt q - th percentile of the lifetime 
ç(s) the design stress so is given by 
ryq (s„)= log(tg,(s0 )) =a +6so +109 	 [log I—q)- 'r 	(3.12) 
Generally, the optimization criterion is defined to minimize the asymptotic 
variance of the percentile estimate at the design stress. The MLE is used for the 
percentile estimate. Then, the AV of the percentile estimate at the design stress 
can be obtained as follows: 
AV(nq(so ))—AV a+hs, +log[fp [lo@.I—q)-'1`1  
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where F is the Fisher information matrix given in Section (3) and 
H _ d9,(E,) di(So) 
u 	61, 
Then 
AV(77q(su))=[7 Sa1F''- [I sol 
3.6 SIMULATION STUDY 
In optimum test plan the duration of the lower stress level is obtained by 
minimizing the AV of the MLE. But it is very difficult to study the complex 
derived equations. So a simulation study is performed using Newton-Raphson 
method to explain the results obtained in the study. MLE, Mean squared error 
(MSEs). Relative absolute bias (RABs), Relative error (REs) and elements of 
variance covariance matrix are calculated for the given values of the parameters. 
The steps of simulation procedure are as follows 
1. Given values of the parameters a and h are 4.6052 and 0.8 and stresses 
s~= 0.3,0.5 ands, =0.4,0.6. 
2. A random sample of size n is generated from cumulative exposure 
model. 
3. MLEs a and tare obtained for each sample size and selected values of 
the parameters using (3.9) and (3.10). 
4. Some measures of accuracy like MSEs, RABs and REs are calculated for 
all sample size and for difi'ercm combinations of stresses. 
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5. The resulting estimates of parameters are used to obtain the variance 
covariance matrix. 
The results obtained in the above simulation study are based on 1000 
simulations and summarized in Table 3.1, Table 3.2 and Table 3.3. Table 3.1 
shows different measures for stress combination r, = 0.3 and s, = 0.4. Similarly 
Table 3.2 and Table 3.3 show the various results for stress combinations, = 0.3, 
.., —O.6ands1 =O.S,s,= 0.6 respectively. From these tables the following 
observations can be made on the performance of SSAI,T parameter estimation of 
Rayleigh distribution. 
1. For the first set of stresses (s.. =0.3,s, =0.4) the maximum likelihood 
estimators have good statistical properties than the second 
(s, = 0.3, s, = 0.6) and third (s, = 0.5, s, = 0.6) set I'or all sample sizes. 
2. As the value of stresses increase the estimates have smaller MSEs and RE. 
As the sample size increases the RABs and MSEs of the estimated 
parameters decrease on an average. This indicates that the maximum 
likelihood estimates provide asymptotically normally distributed and 
consistent estimator for the parameters. 
3. The asymptotic variance of the estimators decreases with the increasing 
sample size. 
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Table 3.1 MLEs of a and b with their MSE, RABs and REs 
(a==4.6052,h=0.8000,s, =0.3,s, =0.4 ) 
Sample Size Parameters MLE MSE RAB RE Var-cov matrix 
a 4.6061 0.0820 0.0002 0.1335 0.0815 0.0062 
100 
b 0.7823 0.0306 0.0221 0.1956 0.0062 0.0303 
ct 4.5995 0.0187 0.0012 0.0637 0.0187 0.0131 
200 
h 0.8088 0.0209 0.0110 0.1616 0.0131 0.0208 
a 4.6102 0.0076 0.0011 0.0406 0.0075 0.0073 
300 
h 0.8096 0.0197 0.0120 0.1569 0.0073 0.0196 
a 4.6134 0.0807 0.0018 0.1324 0.0817 0.0039 
400 
h 0.8075 0.0315 0.0094 0.1984 0.0039 0.0346 
a 4.6113 0.0169 0.0013 0.0606 0.0193 0.0012 
500 
h 0.8058 i 0.0213 0.0073 0.1632 0.0012 0.0319 
Table 3.2 MLEs of a and b with their MSEs, RABs and REs 
(a=4.6052,b=0.8000, s, =0.3,82 =0.6 ) 
Sample Size Parameters MLE MSE RAB RE Var-cov matrix 
u 4.6059 0.0608 0.0001 0.1149 0.0608 0.0155 
100 
b 0.8182 0.0047 0.0228 0.0767 0.0155 0.0044 
a 4.5865 0.0638 0.0041 0.1177 0.0635 0.0148 
200 
h 0.8038 0.0028 0.0048 0.0592 0.0148 0.0028 
cr 4.6068 0.0843 0.0004 0.1353 0.0764 0.0088 
300 
h 0.7915 0.0029 0.0106 0.0602 0.0088 0.0028 
a 4.6036 0.0619 0.0004 0.1159 0.0619 0.0162 
400 
h 0.7843 0.0053 0.0196 0.0814 0.0162 0.0051 
a 4.6053 0.0629 0.0000 0.1169 0.0647 0.0153 
500 
h 0.7947 0.0035 0.0066 0.0153 0.0153 0.0017 
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Table 3.3 Ml.Es of a and b with their MSE. RABs and Res 
(a=4.6052,b=0.8000. s, =0.5,s, =0.6 ) 
Sample Size Parameters MLE MSE RAB RE Var-cov matrix 
cr 4.5940 0.0176 0.0024 0.0618 0.0170 0.0152 
100 
b 0.7870 0.0024 0.0163 0.0548 0.0152 0.0022 
cr 4.6162 0.0825 0.0024 0.1338 0.0697 0.0099 
200 
h 0.7928 0.0018 0.0090 0.0474 0.0099 0.00(5 
4.5715 0.0763 0.0073 0.1287 0.0752 0.0100 
300 
h 0.7936 0.0015 0.0080 0.0432 0.0100 0.0014 
a 4.5905 0.0189 0.0032 0.0640 0.0120 0.0165 
400 
b 0.7958 0.0032 0.0053 0.0633 0.0165 0.0017 
a 4.5697 0.0845 0.0077 0.1355 0.0689 0.0092 
500 
b 0.7952 0.0027 0.0060 0.0581 0.0092 0.0009 
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CHAPTER 4 
STEP-STRESS ACCELERATED LIFE TESTING FOR 
EXPONENTIATED WEIBULL DISTRIBUTION 
4.1 INTRODUCTION 
This chapter presents a simple Step Stress Accelerated Life Testing model 
assuming a three parameter Exponentiated Weibull distribution for the failure 
time in which n test units are initially placed on.s, and the stress is changed to 
s, at r, = r, alter which the test is continued until all units fail. 
4.2 MODEL AND ASSUMPTIONS 
4.2.1 Exponentiated Weibull Distribution 
The exponentiated Weibull distribution was introduced by Mudholkar and 
Srivastava [105]. It has a scale parameter and two shape parameters. The Weibull 
family and the exponentiated exponential family are found to be particular cases 
of this family. Here (a,p) denote the shape parameters and a is the scale 
parameter. For p = 1, it represents the exponentiated exponential family, and for 
a=1, it represents the Weibull family. Thus, Exponentiated Weibull is a 
generalization of the exponentiated exponential family as well as the Weibull 
family. Nassar and Eissa [106] studied various properties of the Exponentiated 
Weibull distribution. Mudholkar, et al. [1071 applied the exponentiated Weibull 
distribution to model failure data. Mudholkar and Hutson [1081 applied the 
exponentiated Weibull distribution to extreme value data. They showed that the 
exponentiated Weibull distribution has increasing, decreasing, bathtub, and 
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unimodal hazard rates. Also. Pal, et al. [ 109] studied the Exponentiated Weibull 
distribution and compared it with the two-parameter Weihull and gamma 
distributions with respect to failure rate. 
The exponentiated % eihull distribution is defined in the following way. It 
has distribution function given by 
F(x)=(I—exp(—Ox)'']", x>0:c.p0>0 	 (4.1) 
and therefore its probability density function is of the form 
f(x/a. p,0) =cr p6"x'"'[1—e.xp(—Hx)]" -' exp[(—Ox)"]. x >0 	(4.2) 
The corresponding survival function is 
S(x) =1—[1—exp(—Ax)"]`" 
The hazard function ofx, denoted as h(x) = _f(x)/S(x) is obtained as 
= a p0"x"-'[1-exp(-9x)`]"-' exp[( -0x)"] h(t) 
1-[1-exp(-Ox)'']" 
Time to failure of a test unit Follows an exponentiated Weibull distribution 
F(t)=1-exp - Jh(x)(ty 
r  
fh(x )d = f
a pf)''xf-'[1- cxp(-6x)`']'g- ' cxp[(-& x)"] r 	 dt 
0 	 0 	 1-[1-exp(-Ox)"]" 
Let. 
[i-exp(-Ox)"]" =u 
a[1-exp(-6 x)']" [- exp(-0.x)"][ p(0x)''-'1(- O)th=du 
(7)O[1 - exp (- Ox)' I exp (- Ox)' .t''' 0 ,, dv. = du 
apO''.v''-' [1- exp(-Ox)' ]"-' [exp(-0 x)" j Lv = du 
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f h(x4ly = j Flu 
_ {log(" —1)}0 
= log{(1—exp(-01)") —  
= log~I —exp(—)I)")" —1} 
= I — cxp {— log{ (1— ey)(-6/)'' )" —l}] 
= 14-1(1—exp(-01)'')" —1l 
=[1—exp(-0r)"],. 
4.2.2 Basic Assumptions 
The following assumptions are made: 
i. Under any constant stress, the time to failure of a test unit follows an 
Exponentiated-%Veibull distribution 
F(,) = [1—e4)(—(91))"}
. 
ii. The cumulative distribution function of time to failure of test unit follows 
I—exp(—(Br:))rJ 	 0<t<r, 
F(r)= [1—exp(—(Or,))'' —[1—exp(—(Or ; ))`'J' 	r, stSr, 
1—[I—exp(—(9r,))1'J` 	 r,sts00 
iii. The shape parameter a and p are independent of stress. 
iv. The lifetimes of test units at stress level r, are independently and 
identically distributed. 
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4.3 MAXIMUM LIKELIHOOD ESTIMATION 
Let x,,x,,....x,, be a random sample of sizes. then the likelihood function in 
simple step stress model is given by 
L(a, p,0) _ f a!)0'x;'-'1l -Cy)(- Ox, )` } Eexp(- Ox, )]', 
,=1 
= a" j)"O" i x,/,-111- exp (- Ox, )" J [exp (- Ox, )]' 	(4.3) 
L=EI 
Taking the logarithm of the likelihood function 
In L(a, p.(9)=itIna+nIn p4-npIn0+(p-I)jinx, 
+(a-l)j In l-exp(- Ox, )'']-Z(Ox,)'' 	(4.4) 
Therefore the MLE s of a, I) and 0 which maximizes (4.4) must satisfy the 
normal equations given by 
a In L(a, p, H) - it —+I In[I-exp(- Ox, )']=0 	 (4.5) 
as 	a 
cto L(a,!),O) - r[ " 	exp(-(Ox )") 
-+111110+1 In x, +(a-I)O ,, I r;' In(©x ) 
ap 	t' 	 ,.I 	 r=1 I - Cxp(-(©Y, ), ) 
rt 
-O" 	x,' In(O ,) = 0 	(4.6) 
,et 
C In L(a, p,(9) _ 11l~ t(a-1)py" I " 	cxp(-(Ox,)") x1, 
r?fJ 	l> 	I -exp(-(Ox,)") 
- !~H'' ' 	.r,'' = 0 	(4.7) 
From (4.5) we obtain the MLE of a as a function of (0, p) given by 
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a =â(O,p) — 	n 	 (4.8) 
ln[I —exP{- (&x Y77 
Multiplying (4.7) by 0  , we get 
P 
n+0(cr-1)i  e"p({Bx,)")  xP 	z"1=0 	 (4.9) 
 1 I —exp(4Px,Y) 	-I 
Subtracting In B times (4.9) from (4.6) we have 
In x 	e%PC (P x,)) xrtux,— 	xPlnx,=0 	(4.10) 
P 	 = I — exp(—(B.r)P ) 	-1  
Using (4.8) in (4.9) and (4.10) we get two equations, which are satisfied by 
the MLEs A and p of A and p. respectively. 
Because of the nonlinear and complicated form of the likelihood equations. 
algebraically it is very difficult to solve them and analytical solutions are not 
possible. 'lhereforc the solution from these equations can be obtained by using 
Newton Raphson type procedure which requires second order derivatives. 
4.4 NUMERICAL EXAMPLE 
Suppose a semiconductor company is studying the reliability of Light 
Emitting Diodes (LED) using a step-stress accelerated temperature test. For 
LEDs. failures have traditionally been defined in terms of amount of degradation 
in luminosity or luminous flux (in ]unions per radiated watts). For this particular 
LED product, the industry defines failure as 50% degradation From the original 
luminous flux of 700 Ira. 
A sample of 10 units is tested in temperature bath. Each unit is tested under 
the designated test profile independent from the other units. The luminous flux 
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degradation is monitored for every unit in the test. The test's temperature is 
initially set at T, =300K and is then increased by 50K for every 50 Im drop in 
luminous flux. 
Table 4.1 Temperature Setting for LED Test at Luminous Flux Level 
Luminous Flux Temperature Level (K) 
700 Temp I = 300 
650 Temp 2=350 
600 Temp 3 = 400 
550 Temp 4 = 450 
500 Temp 5 = 500 
450 Temp 6-550  
400 Temp 7 = 600 
350 -1'crop 8 = 650 
Because the change of temperature is decided based on degradation, the 
duration, of testing at a specific temperature level might be different for every 
tested unit. Also, for a given test unit, the amount of time it spends in a specific 
temperature level might be different for every temperature level. The following 
are the results, showing the duration each unit spent at each temperature level 
before the luminous flux dropped an additional 50 Im. The units were monitored 
until the failure threshold value of 50% degradation (LE =300 Int) was reached. 
58 
❑e$IONSOY ACCELGRACEll LIFE TFSIy 
'T1 '-ti I RI SS ACCEE:[.E•RA IED LIFE 1 LSTING FOR EXPONEN I IATE:U WEIBULL DISTRIBUTION 
Table 4.2 Time (H) Spent By Each Test Unit at Each Temperature Setting 
Unit Tempi Tempt Temp3 Tempo TempS Temp6 Temp? TempS 
Unit 1 61 57 51 51 49 46 44 42 
Unit 2 59 55 55 50 46 44 43 42 
Unit 3 61 58 53 49 47 46 44 41 
Unit 4 51 48 45 42 41 38 37 35 
Unit 5 56 53 49 47 46 46 44 43 
Unit 6 55 	51 50 49 48 47 45 42 
Unit 7 57 53 52 52 49 48 46 44 
Unit 8 57 	59 49 45 44 42 41 45 
Unit 9 53 50 49 49 48 47 44 43 
Unit 10 56 51 51 50 50 49 46 42 
To better explain the test profile, the following figure shows the test profile 
and its corresponding luminous flux curve for one of these units (unit 1) in a 
cumulative line. 
Temp (K) 
T5-600 
15 -550 
T5 -500 
1 	j 	l 
T4-450  
I 	I 	t 
T3-400 	 S 	j 
T2-350 	 j 	1 
1 	I 
Ti .300  
Time (h) 
t1.61 	t2- 118 	c3= 169 	t4-220 t5. 269 n6-315 t7=36) 
Figure 4. I Step Stress Pattern between Time and Temperature 
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Luminous Flux (Im) 
LO=700 
L1=650  
1.2-600—_-- 	1  
L35 0 	--------t------t---- 
1 
1 
LS-450 i ---------I-----------~- ----~—^— 
L6=400 
L6=350 	 I 	1 	I 	1 	1 
	
t t 	t 	t 	t 	I 	I Time (h) 
tl-61 	2.118 	t3=169 	t4=220 t5=269 t6-313 t7=360 
Figure 4.2 Step Stress Pattern between Time and Luminous Flux 
4.4.2 Estimating A Degradation Rate Versus Stress Model For Every Unit in 
the Test: 
For illustration purpose, let us assume that the luminous flux decreases 
linearly over time at a certain temperature level, 1; (Chiao and Ilamada I110]). 
Therefore, the relationship between luminous flux(L)and time(t)can be described 
as follows: 
L,=L„—(p,i 	 (4.11) 
where L, = 700 Im is the initial luminous flux and A, is the degradation rate. 
Table 4.I can he used to estimate degradation rate at a certain temperature 
value. The degradation rate y), can be estimated by calculating the drop of 
luminous flux over a certain change of time. Therefore 
Al,, 
At 
(4.12) 
In the studied experiment, the temperature is changed once a drop of 50 Im 
has been observed, therefore AL, = 50 Im consistently. 
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From Fable 4.2. we obtain the following table that uses (4.12) to estimate 
the degradation rate, at a certain temperature levelT,. Note that in this case, the 
degradation rate is a random variable, therefore each unit data set enable us to 
estimalo a possible value of degradation for a certain temperature level. 
Table 4.3 Degradation rate (Im/h) I'or different temperature level 
UNIT Templ Tempt Temp3 Temp4 Tenrp5 Temp6 Temp7 
Tel Unit 1 0.820 0.880 0.974 0.976 1.021 1.090 1.125 1.190 
Unit2 0.847 0.909 	! 	0.909 1.000 1.087 1.136 1.163 1.190 
Uni13 0.820 0.862 	0.943 1.020 1.064 1.087 1.136 1.220 
Unit4 0.980 1.042 1.111 1.190 1.220 1.136 1.351 1.430 
Units 0.893 0.943 1.020 1.064 1.087 1.087 1.136 1.160 
Unit6 0.909 0.980 1.000 1.020 1.042 1.064 1.111 1.190 
Unit? 0.877 0.943 0.962 0.962 1.020 1.042 1.087 1.140 
Unit8 0.877 0.943 1.0201.111 1.136 1 	1.190 1.120 1.111 
Unit9 0.943 1.000 1.020 1.020 1.042 	1.064 1.136 1.160 
Unitl0 0.893 0.980 	0.980 000 1.000 1.020 1.087 1.190 
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OPTIMUM STEP STRESS ACCELERATED LIFE TESTING FOR 
POWER FUNCTION DISTRIBUTION 
5.1 INTRODUCTION 
The simple SSAL'I, which involves only two stress levels, is a relatively 
simple case in SSALT. In this chapter, a simple SSALT is applied to the Power 
Function distribution with a scale parameter which is a log-linear function of the 
stress and a cumulative exposure model is assumed. The MLEs of unknown 
parameters are presented and the optimization criterion is then proposed. The AV 
of desired MLE is then obtained using the expected Fisher information matrix, 
and the optimal test design is derived. A simulation study is presented to 
demonstrate the performances of the estimates using the mean squared errors and 
relative absolute bias. 
5.2 MODEL AND ASSUMPTIONS 
5.2.1 The Power Function distribution 
The probability density function of Power Function distribution is given by 
f(t,B,P)=Op t -`', 	0<1<0, P,0>0 	 (5.1) 
This distribution is characterized by a scale parameter B and a shape 
parameter p . For p = l the distribution corresponds to a rectangular distribution. 
The cumulative distribution function is given by 
~Fl 
r 	0<I <&,p,&> 0 	 (5.2) 
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The corresponding reliability function is given by 
R(t)=I—j oil 
and the hazard rate at time t is 
{~(t)=R(t)=BF r P 
	 (5.3) 
5.2.2 Assumptions 
The following assumptions are made 
I. Under any constant stress, the failure time of a test unit follows a Power 
Function distribution with cumulative distribution function given by 
2. The scale parameter B,at stress level 1, i-1,2 is a log linear function of 
stress that is, log(H,)=a + bs; where a and b are unknown parameters 
depending upon the nature of the product and the method of the test. 
3. All n units are initially put on stress s„ and run until timer . Then the stress 
is changed to the high level s,, and the test continues until all units fail. 
4. Total n, failures are observed at time i,,,j= 1,2.__n, at stress level s„i=1,2. 
5. The lifetimes of the test units are lid. 
6. The cumulative exposure model is given by F(t)= 
Fi (t) 	0<_t<r 
where the equivalent starting time, r' is a solution of F1 (r)  — F, (r) solving 
fort , then 	1 r .  
oh 
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Thus, cumulative exposure model for the Power Function in simple 
SSALF is given by 
C AI 
 
E(t)= 	 e 
t—z~
l—- L 	i J 	
• T <Cr 
7. The corresponding probability density function of the failure times is 
obtained as follows 
0<—t<r 
0,' 
]P-1 
T(t)= J) t—z 1—©= 
r 51 < 00 
gP 
, 
5.3 LIKELIHOOD FUNCTION AND FISHER INFORMATION MATRIX 
Let t,,, j =1,2.....n,. i = 1.2 be the observed failure time of a test unit ! under 
stress level i, where n; and n, denotes the number of units failed at stress s, and 
s. respectively. Therefore the likelihood function is given by 
0, J) t, —r~l-- 
L(0,.0,, p) = j 1) t. -' H 	' (5.4) 
Taking the logarithm of the likelihood function (5.4), then 
In L(0,,0„ p) =(n1 +n,)In p—n,pin0, —n,pin0, +(p-1)yInt1j 
+(p—I)~ln t,,—rl— 	 (5.5) 
where, n = n, + n2 . 
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By using the relation ln(O,) = u+bs,, i =1,2the log likelihood function (5.5) 
becomes 
In L(a.b, p) = ii In p—n,p(a+bs,)—n,p(cr+bs,)+(p—I)IIn 
+(p—I)ln t, — r 1— 	(5.6) 
The MMLEs u,b and p for the model parameters u,band p, are the values 
which maximize the likelihood function (5.4). The first derivatives of the 
logarithm of the likelihood function with respect to each one of u,h and p are 
obtained as follows: 
clnL =—tt 1 p—n,p=0 
au 
(5.7) 
c•InL = -ntlps, -n_ps2+(P -1)~ 	r = 0 	 (5.8) 
In/. 	~r -11.(u+bs,)-n,(u+hs,)+~In1 + 	In 1,, -r 1-= =0 	(5.9) 
From the above equation, we get 
5 10 
p n (u+ as s ) +ii,(u+bs,)- 	In t, - 	In /: - r 1- 02 4 	
( . ) 
) 
Substituting the value of j, from (5.10) in (5.7) and (5.8), the following two 
equations are obtained 
'lnL 	 17 	 =0 	(5.11) 
cu  
ir,(u+bs,)+n,(u+bs,)—YIn/. , —YIn 1,, —z 1—
1 
 
GS 	---- 
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dIIIL _ 	 n(n1 s1 -n,s2 ) 
db n,(a+bs 1)+n,(a+bsz)— Int i~— In[t—r[l-02 J, 
I 
n,(a+bs1 )+n_(o . bs,)— 	Int,, —~In[t?.,—r[I—-]l 
(5.12) 
The equations (5,11) and (5.12) are non-linear and it is not easy to obtain a 
closed form solution for these equations. So, Newton Raphson iterative procedure 
is used to obtain the MLEs of oand b. and once the value of nand bare 
determined, an estimate of p can be obtained from equation (5.10). 
The Fisher information matrix composed of negative second and mixed 
derivatives of the natural logarithm of likelihood function can be written as 
a'InL 02 InL y"InL 
do- tcadb r?aop 
0 	1I1L o2 1nL B 	II1L F, — 
Bboa Bb' 8h6p 
a2 nt 5 	InL 5 2 InL 
bpLa Cpeb a,,2 
The second and mixed partial derivatives of logarithm of the likelihood 
function are obtained as follows: 
d' In L 	 (t_, —r)01 81 
db' =(Y — I)r(s, ""s) 	 —r(B~—©,)1z 
55 DESIGNS OF ACCFI.TRA1 EIl LIFE TESTS 
OPTIMUM SI EP STRESS ACCELERA"I FD LIFE IFS I ING FOR POWER FUNCTION DISTRIBUTION 
	
62 In L 	 fl 
a I InLt?'InL O 
6anh 	c?hea 
(7 2 InL 0 InL 
_ 	= -Tl 
0acp cpca 
ca' In L 	c12 In L 	 . 	rO,(s, —s1 ) 
ahcp 	caj~ah , [t,,©, —r(01 —0,)) 
Hence the required Fisher information matrix is: 
0 0 —►l 
F= 0 A B 
n —,l B -- 
P- 
a 2 In L 	a 2 In L where A and B are the values of 	and 	respectively. 
3hap 
(5.13) 
5.4 OPTIMIZATION CRITERION 
The optimum test criterion here is to minimize the Asymptotic Variance 
(AV) of the MLII under usual operating conditions. Using the Fisher information 
matrix, the AV of the desired estimator can he obtained. Then by minimizing the 
AV of the desired estimator, optimal stress change timer' (hold time) is 
determined which produces the optimal test design. 
The AV of the MLE of a given 100q--rh percentile of the lifetime t,,(s ) ) at 
the design stress ,so is given by 
,(.s„) = logt,,(.c )) = a+hso + (log 0 +Ilogq) 
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The AV of the percentile estimate at the design stress can be obtained as follows 
AV(g~ (so ))= AV{a + bsa + (log0 + o)}= HF-'H' 
P 	J 
where F is Fisher information matrix given in (5.13), and 
H_~L
____) B(s) Orly (s )~ 
do 	db 	dp 
Then 
AV(7„(s0 ))=I sr — , logq]F-' I s„ —P, Iogg J 	 (5.14) 
Therefore, the optimal times {to change stress levels under different values 
of stresses and sample sizes will be obtained numerically using equation (5.14). 
5. SIMULATION STUDIES 
In order to obtain NILES of,. b,p and hence ofO, and 02 and study the 
properties of their estimates through Mean squared errors (MSEs) and relative 
absolute biases (RABs), a simulation study is performed. for this purpose, 
B, —e"°',i-1,2 is calculated for given values of the parameters and random 
samples from Power Function distribution are generated. The values of the 
parameters are chosen asa = 0.70, b = 2.00 and p - 1.20 for sample sizes 100, 200, 
300, 400 and 500 using 1000 replications for each sample_ The stresses are chosen 
to be s. =0.2 and 0 4 ands. - 0.6and 0.8. 
Computer programs were prepared and the Newton-Raphson method was 
used for practical application of the ML estimators of a,b and p. Therefore, the 
derived nonlinear logarithmic likelihood equations (Sit) and (5.12) were solved 
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iteratively. Once the value of a and bare determined, an estimate of peal be 
easily obtained from (5.10). And then 0,=exp(o+bs,),t=1,2can also be 
estimated accordingly. 
Results of the simulation studies for different stress combinations 
i.e.s,=0.2,s,=0.6, 5,=0.2,s,=Q8ands,-0.4,s,—O.4arc summarized in Table 
5.1. Table 5.2 and Table 5.3 respectively, provide insight into the sampling 
behaviour of the estimators. 
It is observed from Tables that the proposed estimators oh. p,B,and B, 
perform well in all the cases. The numerical results indicated that the ML 
estimates approximate the true values of the parameters when the sample size n is 
increasing. As the sample size increases the MSEs of 6,h, p,B and B, decreases as 
expected. RABs ofo,b,p,B,and Bz also decreases except for some cases. This may 
be due to fluctuation in data. 
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Table 5.1 Simulation Study Results with u = 0.70 6 = 2.00 and p = 1.20 at s, = 0.2 
and s, = 0.6 1r di 11erent sized Samples (o = 0.80.17, = 0.30) 
u .t1sL(u) RIB(Ti) 
01 RAB(0I) RAR(dl ) 
n h MSE(h) RA6(h) 
0, RA B(O,) RA B(0~ ) 
MSE(f) RAB(j) 
0.732 0.005 0.045 
0.8.53 0.220 0.079 
100 1.986 0.056 0.007 
0.305 0.007 0.167 
1.176 0.003 0.019 
0.630 0.055 0.103 
0.830 0.013 0.076 
200 2.009 0.063 0.005 
0.291 0.004 0.113 
1.106 0.046 0.079 
0.689 0.019 0.015 
0.823 0.011 0.066 
300 2.004 0.059 0.002 
0.287 0.003 0.097 
1.167 0.013 0.027 
0.723 0.004 0.018 
0.815 0.009 0.057 
400 2.006 0.056 0.003 
0.284 0.002 0.084 
1.189 0.003 0.009 
0.711 0.004 0.016 
0.834 0.018 0.081 
500 1.995 0.055 0.003 
0.297 0.006 0.135 
1.190 0.002 0.008 
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Table 5.2 Simulation Study Results witha=0.70 b=2.oOandp=1.20ats1  = 0.2 and 
s, =0.8 for different sized samples (0= 0.800,=0.30) 
g E5 RAB6) 
BI  RABBI) RABBI ) 
b MSE(b) Rd0@) 
91  RAB(BZ ) RAB(6) 
p MSE(P) RAR(P) 
0.734 0.005 0.048 
0.798 0.005 	0.035 
100 2.001 0.057 0.003 
0.274 0.001 	0.048 
1.178 0.004 0.018 
0.036 0.725 0.004 
0.790 0.003 0.025 
200 I 	2.013 0.054 0.007 
0.271 0.001 0.033 
1.186 0.002 0.012 
0.718 0.004 0.026 
0.782 0.003 0.015 
300 2.034 0.055 0.017 
0267 0.002 0A19 
1.189 0.002 0.009 
0.714 0.003 0.019 
0.778 0.003 0A09 
400 2036. 0.049 0.018 
0.265 0.002 0.012 
1.193 0.002 0.006 
0.719 0.005 0.027 
0.785 0.005 	0.018 
500 1.982 0.058 0.009 
0.269 0.001 	0.029 
1.182 0.005 0.015 
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Table 5.3 Simulation Stud} Results with u = 0.70, b=2.00 and p =1.20ats, =0.4 
and s, =0.8 for different sized samples (01 = 0.80, O, = 0.30) 
af.SE(a) RAB(a) 
RAB(BI ) RABBI ) 
n h :%4SE(h) R,48(h) 
B: RA B(B,) RA/3(02) 
p MSE(p) RAI3(j) 
0.747 0.009 0.079 
0.816 0.011 0.059 
100 1.958 0.062 0.002 
0.285 0.003 0.088 
1.149 0.009 0.036 
0.741 0.007 0.061 
0.795 0.007 0.042 
200 2.022 0.060 0.012 
0.273 0.002 0.056 
1.171 0.004 0.024 
0.736 0.006 0.054 
0.789 0.006 0.031 
300 2.023 0.059 0.012 
0.271 0.002 0.045 
1.174 0.00 3 0.021 
0.732 0.005 0.046 
0.802 0.005 0.024 
400 2.026 0.057 0.013 
0.279 0.002 0.035 
1.178 0.003 0.018 
0.738 0.007 0.054 
0.791 0.009 0.040 
500 1.974 0.064 0.013 
0.272 0.003 0.066 
1.162 0.008 0.032 
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USING GEOMETRIC PROCESS FOR INVERTED WETBULI. 
DISTRIBUTION 
6.1 INTRODUCTION 
In this Chapter. the geometric process model is implemented in the analysis 
of accelerated life testing for the Inverted Weibull life distribution under constant 
stress with complete and Type-1 censored data. Maximum likelihood estimates of 
parameters and their asymptotic confidence intervals are obtained. The 
performance of the estimates is evaluated by a simulation study with pre-fixed 
values of parameters. 
The concept of geometric process is first introduced by Lam [Ill], when he 
studied the problem of repair replacement. Lam [112] introduced least square and 
modified moment estimation of parameters for GP, and studied the asymptotic 
normal properties of these estimators. Lam and Chan [I 13], Aydogdu et al. [114] 
derived the maximum likelihood estimate of parameters of the GP with lognormal 
and Weibull distribution respectively. Chen [115] provided the Bayesian approach 
to the estimation of parameters in a GP with several popular life distributions 
including the experiential and lognormal distributions. Large amount of studies in 
maintenance problems and system reliability have shown that a geometric process 
model is a good and simple model for analysis of data with a single trend or 
multiple trends. For example Lam and Zhang [I I6] apply the geometric process 
model in the analysis of a two-component series system with one repairman. Lam 
[117] studied the geometric process model for a multistate system and determined 
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an optimal replacement policy to minimize the long run average cost per unit 
time. Zhang [I18] used the geometrical process to model a simple repairable 
system with delayed repair. 
So far, there are only three studies that utilize the geometric process in the 
analysis of accelerated life test. Huang [35] introduced the GP model for the 
analysis of ALT with complete and censored exponential samples under the 
constant stress. Kamal et al. [36] extended the GP model for the analysis of ALT 
with complete Weibull failure data under constant stress. Zhou et al. [37] 
considers the Geometric Process for constant stress accelerated life test model 
based on the progressive Type-I hybrid censored Rayleigh failure data. 
6.2 THE MODEL 
6.2.1 The Geometric Process 
A geometric process describes a stochastic process (X,,, n= 1,2,.4, where 
there exists a real valued 2>0 such that f2'',Y, tt=1,2...} forms a renewal 
process. The positive number 2>0 is called the ratio of the GP. It is clear to see 
that a GP is stochastically increasing if 0<2<I and stochastically decreasing 
if2> 1. Therefore, the GP is a natural approach to analyze data from a series of 
events with trend. 
It can be shown that if (X,n = 1,2,...} is a Cl' and the pdf of X, is f(x) with 
mean p and variance a then the pdf of X. will be given be x°_'f(A"-'x) with 
E(X~)=u/X- and Par(X„)=a'/2 ".Thus ,1,p and Iz' are three important 
parameters of a GP. 
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6.2.2 Inverted Weibull Distribution 
The probability density function, cumulative distribution function and 
reliability function of the Inverted Weibull distribution with scale parameter B 
and shape parameter a are given respectively by 
f(x) a ox 	exp(-9r °) , x.u,B >0 	 (6.1) 
	
x,a,H>0 	 (6.2) 
6.2.3 Assumptions 
i. Suppose that we are given an accelerated life test with s increasing stress 
levels. A random sample of n identical items is placed under each stress 
level and start to operate at the same time. Whenever an item fails, it will be 
removed from the test and test is continue till all the test items failed 
(complete data) or prespeeilied time has reached (type-I censored data). Let 
xa,i=1,2, .,n. k 1,2,....s denote observed failure time of i'h test item under 
k" stress level. 
ii. The product life follows a two parameter Inverted Weibull distribution at 
any stress. 
iii. The shape parameter a is constant. i.e. independent of stress. 
iv. Let the sequence of random variables X~,X„X,,...,X„ denote the lifetimes 
under each stress level, where Xodenotes item's lifetime under the design 
stress at which items will operate ordinarily. We assume {X,,k = 1,2......s} is a 
geometric process with ratio ,> 0. 
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Based on the definition of GP, if density Function of X,is jO, then the 
probability density function of Xt will he given by 
Rr J(7° x), 	k-0.1,2. -,s 
Phercfore the probability density function of a test item at the k'h stress level is 
.1.r. (x I a, 0, 7) = a70 x-(°•n exp(-X O x-") 	 (6.3) 
6.3 ESTIMATION PROCEDURES 
Here the maximum likelihood method of estimation is used because ML 
method is very robust and gives the estimates of parameter with good statistical 
properties. In this method, the estimates of parameters are those values which 
maximize the sampling distribution of data. I lowever. ML estimation method is 
very simple for one parameter distributions but its implementation in ALT is 
mathematically more intense and, generally, estimates of parameters do not exist 
in closed form, therefore, numerical techniques such as Newton Method, Some 
computer programs are used to compute them. 
According to large sample theory, the maximum likelihood estimators, 
tinder some appropriate regularity conditions, are consistent and normally 
distributed. Since ML estimates of parameters are not in closed form, therefore, it 
is impossible to obtain the exact confidence intervals, so asymptotic confidence 
intervals based on the asymptotic normal distribution of ML estimators instead of 
exact confidence intervals are obtained here. 
6.3.1 Estimation for Complete Data 
For Complete Data, the test at each stress level continued till all the test 
items fail and exact failure times xa, of all item's observed. Therefore, the 
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likelihood function using geometric under constant stress accelerated life testing 
for complete data is given by 
L(a.e,A)=1 1 fl [fi"~Bax-;° u` e\p(—.illx)] 	 (6.4) 
The log-likelihood function corresponding (6.4) can be rewritten as 
1= lnL(a,O,A)= 	[—kalnA+In0+Ina—(a+l)Inx,, —.i-k"Bx] 	(6.5) 
ai MLEs of 2 0 and a are obtained by solving the equations a~ = 0 , ~e = 0 and 
`/ = 0 where 
as 
(6.6) 
kafl A 	')x,,u 
J 
	 —,- -- 	 (6.7) 
_ 
	I- 
Equationsk In A + I—In xA, + £ (In Xk,+ k In A)(1k xA,)-"I 	 (6.8) 
 (6.6), (6.7) and (6.8) are nonlinear. So. Newton-Raphson method 
is used to solve these equations simultaneously to obtain d,a and,. 
The Fisher-information matrix F composed of the negative second and 
mixed partial derivatives of log likelihood function can be written as follows 
f '12 'LI 
F = 121 12" '23 
1,. /,_ 133 
Where 
r„= -x0,)_0, 
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„ a`1 	ka -r k(ka —1)i. ,>. 9 -' J 
1'l—_ _ c_
) 
__ rrs +()~ I ~(In x 	 ) ,, + 	uI 
aa' a- 
	
ail 	__ 1
21 
 __ ~_ ail 	 (A«+I> Q _ —afJ L. k2- 	x` 
 k
' A„~~I 
 A=I 
, 
(
1 .= — a a ! 	=I 	I %~
-A'Jx-"(lnXA, +kln2) ] ~3o0 ,_ 
No\~. the variance covariance matrix can be written as 
1„ 112 1„ 	r AVar(0) AC. ov(02) AVar(t hz) 
= 1,  '22 12 3 	= ACov(A0) AVar(J) AVar(0) ) 
1;, !32 1 	AVar•(a t) AVar(a0) AVa t- (a) 
The 100(1— y)% asymptotic confidence interval for O,a and a are then 
given respectively as 
[ ±z 	AVirr(0),[a±Z 	AVar(a)j and 	 ±z r tiiAVar(A)_ 
6.3.2 Estimation for Type I Censored Data 
Let r~ (<_ n) failures  times x,(11 <_x 1 <_ ... s x,~,.} 1 are observed before test 
termination timer. Here, i is fixed in advance and r, is random. Therefore the 
likelihood function in constant stress accelerated life testing at one of the stress 
level using geometric process with type I censored data is given by 
LA 
= (/T 	i4) 	,-1 
.1, (_~(,)) [S 	(r)]"-', 	 (6.9) — U 
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where. S,.. (/)is the survival probability 
S " (t) = 1 — exp (— 	01-« ) . 
Using (6.9), the likelihood function corresponding to (6.3) for obtaining the ML 
estimates for H,a and i. is given by 
1 Lk = 	Jr. 1( 	 f Aa)'. 	r~i~exp(-i kz0xA,l) *[l-exp(->-kno~-~,)]n ' (6.10) 
1,._, 
.Now. in a total s stress levels, the likelihood function of observed data is: 
L=L i xL,x...xL, 
_ fl (n 	
r 
	
k)'`~~ 	
H rHa)r, 	xk~; l 'exp(- 	 Ax ) * 	6.11) —Y 	 LL 
A-1 
[I -
;.-41,01 - i r )J'-'+ 
l'he lob,-likelihood function corresponding (6.1 1) takes the form 
l 	 r, 
In 	n 	krceInA+rk In0+rk In a - (a +-I)L Inxk( ,) (n - JA ). I = In L = 	 i-1 	(6.12) 
9 	r. 
— )r
kn © .x-" + (n - rk ) Iog[l - e(-%"O1  )1 
r_1 
ai 	at 	7 MLEs of) , H and a are obtained by solving— = O— = 0 and at = 0 where aA ao oa 
_ 	- 	
-~k 	-.r kr kHL i k a 	 , n 	+  -„ 	kaH~
~.l~ t a (n - r )exp(-~ u Ht ) 
	(6.13) -+a:- 	i, c?.? 2 I 	I'I [I-exp(-2.-k«Hi-rr)1 
at = 	rk — 	+ (J7 — r )(2-kat , )exp(-2-kaOr-u) 	 (6.14) 
UU k -I 0 ~ 	
A(s) 
	 i!—eA.p(—J-kr,0t-a)} 
r~ 
-krk InA+—' -V Inxkl , l +©l (A-k 'x ) )(Inxk( , ) +k InA) alnl - t 	 a 	_, 	,=I 
c~a 	A-I 	B n- r )(,-La,- k~ 	a 	
(6.15) 
( 	 )(Int+kIn~,)cxp(-~.- Ht - ) 
[1- exp(-2t )1 
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The equations (6.13). (6.14) and (6.15) are no-linear. So, again the Newton-
Raphson method is used to solve these equations to obtain 9,a and A. 
The Fisher-information matrix E under censored data is 
Iii 1I: 1„ 
F= 	1_, 1„ 1,, 
Where elements of the matrix are 
— kr`a +k(ka + 1)aflL -u°.=~ .rir 
all _ 	kaet-°(n—►A)exp(-2-k~OI-,) 
9 	 * 
II' 	OA2 	A=, 	[1 — exp(-2-Lr 0t-(t )12 
[1 — exp(—X "Or -° )]kaO! -aA-_rka+ir — (ka + 1)A-(kr1+2) 
[kai 	2(k.I, exp(—a R Hr-u )] 
Yk+ (n —Yk )(/lat 	E, ) 	?(1)( —)-kno t -rr ) 
1.: = — 1 = ~ A 	[1 — eye(—i. k'Oi ' )]2 
{[l — exp(—A '0i)] — exp(—A-kaot )1 
- 	_ H1 (2-ir'x-" ) (In A ( , ) + k in 2), 
a- 	 =1 
1. 
 
a 2 In! = 	+ B(n—Yk )(:tikrt)(Int+kln2)2 exp(—J kr,&t -a) * 3 — 	act2 
J 	 [1 — epp(_il_Ar©I_(t 
)]-' 
I
[1 — exp(-2-kaet-1 )](1 k"t -a — 1)+(2-kat -a )exp(—A-k"Bt-n )} 
~— 
1,, = 	
a 21 	 a21 
1\ N00 =1- _~—a 2 
(ka:~ ~k~.~~t -°(rr—YA )e ( _2_ 1
9t 
Ika-il -Gr 	 ) —~ —ka .~- i. -  
l 	 [1 _ exp(__2 krb Oi -<r ))2 
in 	n 	 ka 	 ka 	a 	 kn 	rr ~[1—exp(—).- Ht - )]1l — :- ©t a —[~ (Il - ]exp( -2- Bl - )~ 
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=1- 4321 __ 	_ a't 
13 	a.a 	1, -( 
n 	431 	 ka+ - — - B1 {k xA„ ) A. " — kax a A(r) , a l~ - 	On xkl, I + k In )} 
=+ 0(n - rk )k2'11° e(-A-'4301 ) 
1 	 V 	1 
[1-ep(-2-"n9t ")][aOl'A "'(int+kIn2)-a(Ini+kInA)+l 
+JaOt °i ""(Ini+kInA)eW(-2 knflt n)I 
43 21 	a' 1I L 
a3a 	Cull0 
r 	A 
_ 	OF" x- ) )(inxAI,,+kIn>.) 
_~ - (n-r".)(.? kit )(Int+kInA)exp(-A-"nOt-° ) * 
[I – exp(–A-"n0t )]2 
tEli—ex 	krrO t-n 	i A-kaot-n 	A-krxO t-a ex 	kn 	n P(– 	)1( – 	) – P(–ti Bt- ) 
Now. the variance covariance matrix can be written as 
'12 ! I ,- A Var(6) ACot(B2) AVar(Aa) 
I _ l,, ',z 1,3 = ACoV(AO) Afar(;) AVar(H&) 
1,1 1 !;, At1ar(&.l) AVar(a(9) AVur(a) 
The 100(1-y)% asymptotic confidence interval for O, a and A are then given 
respectively as 
H±Z r AVar(B) a±Z , AVar(&) and .t±Z 1 I A ar(~.) 
z 
6.4 Simulation Study 
To evaluate the performance of the method of inference described in 
present study, several data sets with sample sizes n=100,150,...,300 are 
generated for from Inverted Weihull distribution. The values for true 
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parameters and stress levels are chosen to be 2.=o.0,o=200a-t ?0 
and .,=2 o.4. The estimates and the corresponding summary statistics are 
obtained by using the present GP model and the Newton iteration method. For 
different given samples and stress levels with 2=0.70, 6=2.00 and a=1.20, 
the ML estimates , Mean squared errors(MSEs). relative absolute biases 
(RABs) and the coverage rate of the 95% asymptotic confidence interval I'or 
2,0 and care obtained. The results of the estimates for A, 0 anda based on 
1000 simulation replications for complete data are summarized in 'Cable-6.l 
and 6.2. The results of the estimates For 2.0 anda based on 1000 simulation 
replications for censored data are summarized in Table-6.3 and 64. 
Table 6.1 Simulation Study Results with d=0.70, 0=2.00 a-1.20 and v =2 for 
complete data 
), MSE(%) RAB(2) 95% 
B MSE(0) RAB(0) Asymptotic CI 
d MSE(a) RAB(k) Coverage 
0.756 0.009 0.079 0.679 
LW 1996. 0.062 0.002 0.590 
1.156 0.009 0.037 0.658 
0,743 0.007 0.061 0.679 
150 	 2.022 0.060 0.012 0.592 
1.171 0.004 0.024 1 	0.660 
0738 0.006 	 0.054 0.658 
200 	 2.023 0.059 0.012 0.586 
1.174 _ 0.003 	 0.021 0.675 
0.732 0.005 0.046 0.648 
250 2.026 0.057 	 0.013 0.550 
1.178 0.003 0.018 0.6611 
0.630 0.004 0.103 0.656 
300 2.009 0.063 0.005 0.560 
1.106 0.046 0.079 0.645 
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Table 6.2 Simulation Study Results with A=0.70 8=2.00 a =1 20 and $-4for 
complete data 
MSE(d) RAB(t.) 	 95% 
F2 B MSE(6) RAB((1) 	Asymptotic CI 
d MSL(d) ILIBt&) 	Coverage 
0.738 0.007 0.054 0.721 
100 1.974 0.064 0.013 0.579 
1.162 0.008 0.032 0.831 
0.739 0.006 0 055 0.717 
150 1.964 0.056 0.018 0.582 
1.169 0.005 0.026 0.716 
0.859 0.732 0.005 0.045 
200 1.986 0.056 0.007 0.558 
1.176 0.003 _0.019 0.739 _ 
0.630 0.004 0.103 0.796 
250 2.009 0.063 0.005 0.580 
1.106 0.046 0.079 0.695 
0.689 	0.019 	0.015 0.808 
300 2.004 0.059 0.002 0.576 
1.167 	0.013_ 	0.027 0.572 
Table 6.3 Simulation Results for Type-I Censored data with A. =0.70 
6=2.00a=1 20 and s=2 
a, MSE(d) RAB(d) 95% 
n B MSE(9) RAB(B) Asymptotic Cl 
a MSE(a) RAB(d) Coverage 
0.734 0.005 0.048 0.757 
100 2.001 0.057 0.003 0.589 
1.178 0.004 0.018 0.960 
0.725 0.004 0.036 0.768 
150 2.013 0.054 0.007 0.617 
1.186 0.002 0.012 0.729 
0.718 	0.004 	0.026 	0.661 
200 2.034 0.055 0.017 0.579 
1.189 	0.002 	0.009 	0.881 
0.714 0.003 0.019 0.708 
250 2.036 0.049 	0.018 0.570 
1.193 0.002 0,006 0.851 
0.711 0.004 0.016 0.859 
300 1.995 0.055 0.013 0.571 
1.190 0.002 0.005 0.768 
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Table 6.4 SiI n lalion Results for Type-I Censored data with), -0.70 
B = 2.00 a-120 and,=4 
,y M,SF,(a.) RAB(d) 95% 
n B MSE() FM 8(0) Asymptotic CI 
d AE(â) RAB(rf) Coverage 
0.719 	0.005 0.027 0.872 
100 1.982 0.058 0.009 0.607 
1.182 	0.005 0.015 0.800 
0.723 0.004 0.018 0.820 
150 2.006 0.056 0.003 0.581 
1.189 0.003 0.009 0.745 
0.711 0.004 0.016 0.859 
200 1.995 0.055 0.003 0.571 
1.190 0.002 0.008 0.768 
0.706 0.006 	0.009 0.807 
250 1.974 0.063 0.013 0.588 
1.137 0.006 	0.011 0.815 
0.710 0.004 0.015 0.840 
300 1.984 0.052 0.008 0.590 
_ 1.192 0.003 0.006 0.585 
It is observed from summary Tables that Z. B and h estimates the true 
parameters 2,0 anda very well respectively with relatively small mean squared 
errors. The estimation of 2 is more accurate than that of Band a as seen by its 
negligible bias. As the sample size increases the MSC of parameters decreases as 
expected. This is because that a larger sample size results in a better large sample 
approximation. RABs of A, B and u also decreases except for some cases. This 
may be due to fluctuation in data. It is also noticed that the coverage probabilities 
of the asymptotic confidence interval are close to the nominal level and do not 
change much across the five different sample sizes. In short, it is reasonable to say 
that the present GP plan works well and similar work can also be done by using 
some other appropriate lifetime distributions with different censoring schemes. 
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DISCUSSION, CONCLUSIONS AND FUTURE RESEARCH 
The main purpose of this chapter is to present the conclusions from this 
thesis and to suggest directions for future research. 
Securing a reliable product before it is launched into the market is an 
important goal for companies active in new product development. In order to 
ensure reliable products. ALTS are widely used in industries. Good ALT plans can 
yield significant benefits to industry. This thesis mainly focuses on the design of 
accelerated life tests. Thus, there are three specific research issues discussed in 
this thesis i.e. PALT, SSALT and GP model for analysis of ALT. The results are 
presented in Chapter 2 to Chapter 6, respectively. 
Chapter 2 addresses the problem of optimally designing simple constant-
stress PALT plans for the Rayleigh distribution under Type-I censoring. In a 
constant-stress test, a unit is subjected to a constant Level of stress until failure 
occurs or the observation is censored. The optimization criterion used in this 
chapter is to minimize the generalized asymptotic variance of the MLEs of the 
model parameters. In the constant-stress PALT the common test plans are usually 
standard plans which use equally-spaced test stresses, each with the same number 
of test units. The problem of optimal design is to determine the optimal numbers 
of test units that should be allocated to each stress level to estimate the life 
distribution accurately. The optimum test plan provides the most accurate estimate 
of the model parameters for a given test time and number of test units. Thus, the 
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optimal design of the life tests can be considered as a technique to improve the 
quality of the inference. 
Optimal simple SSAI.T design based on log-linear life stress relationship for 
Rayleigh distribution, Exponentiated Wcibull distribution and Power Function 
distribution is discussed in Chapter 3, Chapter 4 and Chapter 5 respectively. The 
simple SSALT, which involves only two stress levels, is a relatively simple case 
in SSAL I'. In these chapters, optimal SSAL'f plan is proposed by minimizing the 
AV of the desired life estimate of the parameters. I Jere, some conclusions about 
the results in the study are given. First, a statistical methodology is presented to 
analyze the data obtained from a SSALT. This methodology will be especially 
useful when intermittent inspection is the only feasible way of checking the status 
of test units during a step stress test. Second, although the cumulative exposure 
model has been a popular choice for the analysis of step stress life test data, its 
validity in various situations remain to be tested. Third, for a simple step stress 
test, we have derived the optimum choice for the stress change time which 
minimizes AV for the underlying distribution. This optimum design is particularly 
important at the designing stage of the test as it gives a guide to experimenters 
about when the intermittent inspection and the stress change should be carried out 
during the test. The results on the optimum design are based on the assumption of 
the distributions under study but its sensitivity is not addressed here. These 
questions provide the direction of future research in this area associated with the 
data obtained from SSALT, and to study the statistical analysis and the optimum 
design when the stress change time is random variable: such as the order statistics 
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at the current stress levels and when only these order statistics are observed during 
testing. Using the order statistics of the data, we can construct the likelihood 
function and then get MLE and confidence interval of the concerned parameter at 
normal operating conditions. Optimum test can also be designed. 
One more approach in the direction of future research is to construct 
"Multiple Objective Model I'br SSALT Planning". In Chapter 3 to Chapter 5 all of 
the test design problems consider only one objective, which is to minimize the 
asymptotic variance of the desired parameter at usual operating conditions. This 
objective is referred to the statistical precision of our estimate. It is the most 
commonly used criterion in the SSALT planning. However, many industrialists 
may also want to minimize the cost for conducting the test, due to limited budget. 
The cost for a test usually consists of fixed cost and variable cost. For 
optimization problem, only variable cost needs to be considered. In the 
accelerated life test. variable costs include the facility cost, cost of test units, 
labours cost, etc. Thus this becomes a multiple objective problem: one is to 
minimize the asymptotic variance of the estimate, and the other is to minimize the 
cost for conducting the test. 
Chapter 6 deals with use of GP model in the analysis of constant stress ALT 
plan for Inverted Weibull distribution with complete and type-1 censored data. 
The proposed geometric model method has several innovative and unique features 
when compared to the existing methods. It is an intuitive and natural approach to 
study the accelerated life data which has a decreasing trend over increasing stress 
levels. The GP has been applied in maintenance problems with similar trend, 
xt 
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where the survival times of the system are decreasing while the repair times of the 
system after failure are increasing. The inference made from the GP model applies 
directly to the parameter of life distribution under normal condition, without any 
form of transformation. Also, the assumption of GP model can be easily 1U11illed. 
In short, it is reasonable to say that the present GP plan works well and has a 
promising potential in the analysis of accelerated life testing. 
The future research should extend the geometric process model into 
accelerated life testing for different life distributions. Introducing the geometric 
process model into accelerated life testing with other test plans or censoring 
techniques is another object of the future research. Recently, an increasing 
number of researches focus on the life tests with step-stress plans. The advantage 
of step-stress test is that increasing the level of stress during the test will quickly 
yield failures and provide life information in a short time. It can be inferred that 
the step-stress plan results in more complexity of the likelihood and Fisher 
information matrix, especially when the number of stress levels is large. The 
geometric process model might be a better choice as a reason of its simple nature, 
since it doesn't require a log-linear function of life and stress to reparameterize 
the original parameter. 
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